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Continuity equation of liquid mass in foam

* Liquid density is constant, foam density results from liquid fraction

Pfoam = Pliquid @

* - Conservation of liquid fraction:

o) o\ Te
—dV + (p)dS=0
y Ot ov
aqof = -
- + V . v) =
ot (o v)
at 28,Re i \@32
Foaming solution
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Superficial velocity

« Superficial velocity u,, results from volumetric flow

« Superficial velocity does not equal local velocity v,!

. Superficial velocity and average local velocity are
linked by the liquid fraction:

Um = (V1) @
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Drainage equation

* Based on balance of liquid fraction

o = > o =
E-FV'((D;U)—O a—t-l'V'(um)—O
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Origin of Darcy’s Law

* Geology, drainage of water in soil

g 2 =)o T T I
7= Un =T =\ ¢ '
A m udx m I:-I F-da .
' E
* Units:

m3/s m? Pa

m2  Pasm
Dynamic viscosity p =~ Volumetric flow Q

* Permeability k is a feature of the packing

* For soil (polydisperse grains) estimated from
effective grain diameter: dp
- .- Pg
a = 0.00116 dyps? dx
Permeability a )
Cross section A
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Drainage equation

« Based on balance of liquid fraction

o = > o =
E+V-(gp;v)—0 at+V’-('u,m)—0

« Superficial velocity u,,
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Permeability of foam
Q _adp

A udx

Darcy’s law is valid for foam

*  BUT (!) Permeability depends on liquid
fraction

* Exponent depends on surfactant a'/Dbz

6
* > SDS: (109

a~ @;%/2Dy*

* - Casein:

2p 2
a~ @;°Dy
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Dynamic viscosity p

Permeability
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Volumetric flow Q

Cross section A
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0.1
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* VC (2002) SDBS L,=0.24-2.3 mm

O SAK (1999) Dawn D;=1-4 mm

O SAK (2000) SDS Dy=1.5 mm

K ASJ (2004) SDS D=0.2-8 mm

+ ASJ (2004) Casein Dy;=0.2-8 mm

= ASJ (2006) SDS D;=1 mm

= ASJ (2006) Casein D=1 mm

® ASJ (2007) SDS+Dod D}=3.2 mm

< SIN (2002) SDS D,=1.6-5 mm

A SIN (2002) TTAB Dy=1.7-5.6 mm
MD (1999) SDS+Dod D;=1.6 mm
MD (1999) SDS Dy=1.6 mm
MD(2002) SDS D;=0.2-1 mm
MD(2002) SDS+Dod D;=0.2-1 mm

@ NP (2007) Emulsions D;=3-3.5 mm

+ DW(1993) Fairy D;=0.5 mm
S8(1998) SDS+Glycerol D=5 mm

B Present paper TTAB D;=0.6-2.2 mm

A Present paper TTAB-+Dod D;=1-2 mm

0.001 T T

0.0001 0.01

T

0.1 1
[Lorenceau et al., Eur.Phys.J.E. 28, 2009]
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Flow inside the Plateau borders

* Liquid is concentrated in Plateau borders

* Plateau borders form a network (of pipes) e no

* Plateau border dominated: cross-section

of channel

4
detube dp ngd_p
u dx | A pdx
2 2
a~@;“Re
dtube
* Vertex dominated:
3/2 2
a~ @ */*D,
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Drainage equation

« Based on balance of liquid fraction

o = > o =
E+V-(gp,v)—0 at+V’-('u,.,,,n)—0

« Superficial velocity 1, includes gravity and osmotic pressure

ﬁm=g§p=g(pg’+§>ﬂ)
U U
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Osmotic pressure in foam

* Bubbles prefer to maintain spherical shape

* Dryfoam “sucks in” water

* Mechanical work W required to remove water from foam

dW = —Fdz=-TlAdz =y sti
[

—
dV;
M= Z dS[
=Y v,
Vi Vi (1—¢@)?
P Vv, +V, P (Vl'l'VQ) v, l
d(S;/V,)
M=y (- ) —
l : dg,
() iR o
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Osmotic pressure for dry foam

11, =5

* Osmotic pressure equals capillary pressure pg-p,

* Capillary pressure balanced by Plateau border curvature

* Liquid fraction results from decoration theorem

b1 [1=pp—p

y r?
N=pp—p == ¢ = 0.72 —
r R
e
I Yy v0.72 I y 1
—_ — ~ — —
Re /@y Re @
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Drainage equation

« Based on balance of liquid fraction

o - > 9 =
E+V-(gp;v)—0 at+V’-('u,m)—0

« Superficial velocity 1, includes gravity and osmotic pressure

L ao I PR
um=;VP=;(Pg+VH)_;(pg+v;)
Substitute r (PL~072i—>1= 0.72 1
R,* r Re @;
ﬁm—gﬁp=g(f?§+ r 61) 5, = 1.73
Iz % SpRe @1
925 @ —25:&#6.(%“3/2%1) 0
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Free drainage

* Numerical simulation of 1D- Drainage equation:

a@ p_’ - V = a =
o D gk e ) =0
6(0; Cp d 2 2 14 1 a(pl

_ L /2210 ) =
at H az (pg Re (pl +2 5}9 Rt?(pl aZ 0
dpg, C, 0 2 14 o))

— R 3/2 —R _ =
ot u az(pg ety e ) =0

* Distribution develops towards steady state
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Structure -

* Review lecture 8 L) b S

* Rheology

* Elastic deformation

* Yield Stress

e TS b o e s S e

* Influence of liquid fraction

Isabelle Cantat, Sylvie Cohen-Addad, Florence Elias,
Francois Graner, Reinhard Hohler, Olivier Pitois,
Florence Rouyer, Arnaud Saint-Jalmes

* Dissipation in foam flow
*  Wall effect
* Dilatancy and shear banding

* Measurement of foam rheology
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What is rheology

* Describes the flow of matter  g5jid Mechanics Fluid Mechanics

Viscoelastic Newtonian
fluids, fluids
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Response to stress:

* Elastic body * Newtonian fluid:

Constant stress - constant strain angle Constant stress = constant strain rate ¢

€ l
 —

8 A 8 A
u
d u |
E = — °
d €
time time
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Response on shear stress step

u
* Sudden stress is provided, corresponding strain is measured d u
£ =—
* Relation between stress T and strain ¢ d
"I' A
Step in shear stress
* Elastic body: * Newtonian fluid:
shear modulus G , \ viscosity p
T =Ge¢ T=UE
8“ €A
time time
aﬁﬂ-lENnglf_:rIE gggtcl;;e:f;iiigm Rheology Slide 18 oresoen &\
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Constitutive law: stress vs strain

* Sudden stress is provided, corresponding strain is measured

* Relation between stress T and strain ¢

A
l—.
5
B time
Q
-
N
Shear strain €
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Rheology of foam

* Low strain: elastic behaviour
* Critical yield stress causes bubble rearrangement

* Viscous behaviour at high stress, strain

c8

flow

08

———

04 F

Yield point

Shear stress T

02~

Elastic behaviour

foams@aberac.uk

'l ' 'l
0 | 2 3

Shear strain €
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Structure

* Review lecture 8

* Rheology

* Elastic deformation

* Yield Stress

* Influence of liquid fraction

* Dissipation in foam flow

*  Wall effect

* Dilatancy and shear banding

* Measurement of foam rheology
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flow
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Simple aproach: 2D foam

-
* Dry, monodisperse 2D foam forms hexagonal pattern %

* Shear stress results from surface tension of cutted lamellas

o B3 2rsin/2) P e G R R 0.525RL
o - :

A 33a € £V3a
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Dry 3D foam

Numerical simulations using surface evolver

Polydisperse, dry 3D-foam

Linear relationship between stress and strain, scales with y/R

Close to analytical result for 2D foam

14
Hexagonal 2D foam: G = 0.525 R
e
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Exercise: Soft matter?

What is the shear modulus of typical foam?

* Compare with shear modulus of Polycarbonate (700 MPa)

T Y
G=-=051—
€ R,

What is the compression modulus of foam?

* Compare with compression modulus of Polycarbonate (86 MPa)

dp
K==V
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Soft matter?

* Coarse foam is more soft T 14

R
*  For y=30 mN/m and R=0.1 mm = G=150 Pa ¢
* PC:G=700 MPa =10¢x 700 Pa >>> 150 Pa

* Compression module:

k _
*  Foam ~idealgas PV" = const

K=—v® _ 1y 1a0kp
=Ty TP = a

* PC: 86 MPa>> 140 kPa
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Structure

* Review lecture 8
* Rheology

* Elastic deformation

* Yield Stress

* Influence of liquid fraction

* Dissipation in foam flow

*  Wall effect

* Dilatancy and shear banding

* Measurement of foam rheology
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Yielding:

* Atacritical yield stress / yield strain foam start to flow

* Above yield point stress remains approximately constant

08

T ; T T .
ﬂ ow - € ‘T yield
os | time / time

04 F

Yield point

Shear stress T
|
,
|

02

L ' 'l
0 | 2 3

Shear strain €
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T1 rearrangements:

* Switch of neighbourhood between two pairs of bubbles:

sudden jump

- £H - LA - o‘o”
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° . (a) T T T
Yield point for 2D foam o6 | ' '
* T1 reduces stress in the structure N A _—
‘g 0.2 =
)4 < -
T = G¢ G = 0.525— il
R, cn
Y f -
Re 7)) N
0.4 (-
Eyield = 1.15 - —_
3 i
Tvielg = 0.603 — - Ly
g Re strain ¢
A B C D

oI /77 D¢
o0 oogos
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o ° l:h]' 1 Ll ] T | T T
Yield point for 2D foam _
. . . . = 34 B
* Each foam structure has its own energetical minimum g
g
T~ 33}
LI
> |
E—Eozlagz 5 32
c
|4 2 S !
B aal
©
Y= .
>
D ao
strain ¢
C D |
‘ Ve / / 00
(0 e S e _—e.
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Yield point for 2D foam

* Flow of foam is a sequence of T1 rearangements

08

(&)

08 |

W
B
T

33 -

04 -

0z | ,

Shear stress T

Surface energy E /2~/)

strain ¢

O
O,
&)

C
vavay,
Gl ™ [T 00
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Yield point for 3D foam

* Numerical simulations using surface evolver

* Polydisperse, dry 3D-foam

* Yields point shows high scatter, depending on structure, polydispersity, sample generation

Eyield ~ (0.15 ...04

14
g~ 0.1 ..0.2—
Tyield 0 0 R

e

Hexagonal 2D foam:  €yje1q = 1.15

Tyield = 0.603 R_
e
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Structure

* Review lecture 8
* Rheology
* Elastic deformation

* Yield Stress

* Influence of liquid fraction

* Dissipation in foam flow
*  Wall effect
* Dilatancy and shear banding

* Measurement of foam rheology
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Elastic behaviour of wet foam

dE
* Shear modulus results from change of surface energy under shear v o ° de T=Ge
, g
* Decoration theorem: Plateau borders are unaffected by shear 1 dE
* - Liquid fraction reduces change of surface energy under shear " Vede

(a)

oD foam: G = 0.525R1 (1 — @)/

e
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Elastic behaviour of wet foam

* Experimental results: liquid fraction reduces shear modulus

* Loss of rigidity at jamming point (36% liquid fraction)

2(](} T T T T T T T T T T T T T T T T T { T 2{)()

I
--- Hexagonal 2D structure ||

I
—_——

150_ ° — Disordered 3D structure i -4 150
& 100 F 100 Z
© I 1 <o
5(}} 50
ol 0
0 Dry foam
: *=0.36
3D polydisperse foam: |G = 1.4(1 — ¢))(¢;* — ¢;) Y P . G = 0_5041
R, @ = R,
(surface evolver: G = 0.51RL
e
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Yielding of wet foam

* 3D experiments are very challenging, because gravity varies liquid fraction

* Experiments in an oscillating Couette rheometer

0.2 - - . % .
0.18:- @ _: gyleld ~ al (gol _ gol.)’ al ~ 0'5 " 1'0
= 8 ]
T o2f -
) > p
W o008F 4 ] % .
B b P~ R — 2 P~
0.04 F . Tyield = A2 R (q)l QOl) ) Ay = 0.2..0.5
e
ot
> |
j—
~
S
3
i Ha
04 0.3 0.2 0.1 0
QQE* i
[Saint-dalmes & Durian, 1999]
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Exercise: Yielding of a foam column

* Column of foam (100 mm diameter), hanging from a cylinder
* Whatis the maximum length H_when the column starts to rupture
* (a) 10% liquid fraction, 0.1 mm bubble radius

* (b) 0.1% liquid fraction, 5 mm bubble radius

~
~
~
~

‘Xield
L

Tnormal
14 T
Tyietg = 0.3— (¢@;* — )2 - _ ‘normal
yield @1 @1 T = —
R, yield \/§
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Exercise: Yielding of a foam column

* Column of foam (100 mm diameter), hanging from a cylinder

* Whatis the maximum length H_when the column starts to rupture

* (a) 10% liquid fraction, 0.1 mm bubble radius
* (b) 0.1% liquid fraction, 5 mm bubble radius

Tnormal

Tyield = \/g Tnormal = HeP9 @)

4 .
Tyield & 0-3R—(€01 — @)*
e

1 Y
H,= V3 03— (9" — ¢;)?
°7 pgo, R, Tt T

a) - H.=10cm

b) - H.=40cm
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Structure

* Review lecture 8

* Rheology

* Elastic deformation
* Yield Stress

* Influence of liquid fraction

* Dissipation in foam flow

*  Wall effect
* Dilatancy and shear banding

* Measurement of foam rheology
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Dissipation in T1s

* Fast movement during rearrangement - viscous effects lead to dissipation
* Strain rate defines rate of T1s
* Dissipation during T1 less dependent on shear rate

* Different dissipation mechanisms discussed, but difficult to tell apart

0.8

flow

’ G, 2

: 00
% ' «— «— «—
! Y ] )
2 Yield point
Q
% 02
4]
0 ) 2 3
Shear strain €
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Dissipation in T1s 0 _— gg :/3 1?4 2/ oooe

+— +— +— 4+—

interfaces - Mode A

Interfaces are shifted relative to each other - shear flow inside the film

Dople? '
~H €
h
. e
interfaces - Mode B 0
Interfaces are expanded / compressed (maintained thickness)
n Mode
- shear flow due to transport of liquid between films D~ﬂaé12 A
Compression/expansion of interfaces leads to of surfactants - Mode B A
- surface dilational viscosity p_, causes additional loss D~ Hsd '12
: d Mode

B
Loss due to surface shear viscosity p,, (Mode A and B) &%&
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Structure

* Review lecture 8

* Rheology

* Elastic deformation

* Yield Stress

* Influence of liquid fraction

* Dissipation in foam flow

*  Wall effect

* Dilatancy and shear banding

* Measurement of foam rheology
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Role of surface compressibility

* Surface compressibility defines mode of dissipation

u
* Depends on bubble diameter d, surface tension y and Capillary number Ca Ca = Ii7
A
dh d 93h
U—~ — Z_ h3 —
ox U ox 0x3
experiments Scale analysis
T H""anl/z — T ”~ZCa2/3
wda
d Q== _ watt d
incompressible interface (no-slip) 3 Compressible interface (free-slip)
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Role of surface compressibility

* Surface compressibility (mobility) depends on surfactant

* Compressible interfaces result in lower wall stress

y 10~ [
Twan~ = Cal/? i
wall — 4 - 0.5 wt % K Myristate

incompressible interface (np-slip) +0.25 wt % K Palmitate
- +0.25 wt % K Laurate

/

N . . .
U pssible interface (free-slip)
~ 102 | v
~ L _ 2/3
g B m = 1/2 TWQH""E Ca2/
N -
T i : 1 wt %9 Na Laurate
Kl . 4:’ + 2 wt %K Cocoyl Glycinate
yluly
= . 2 + 3 wt %Betaine
S m =2/3
10-3 1 1 Ll | Lol I Lol
1075 107> 10~ pu 107
Capillary number Ca=—
)4
D s e iz O
DRESDEN e Pt



Wall stress vs. yield stress

* Wall slip is often smaller than yield stress

Y 2
« Often plug-flow (tooth paste) Tyield ¥ G2 (01" — @)%, a, ~0.2..0.5
e x
u=1 cm/s @;” = 0.36
107! E )4
: = Tyita™ 0.025..0.065 -~
i 0.5 wt % K Muyristate . e
- +0.25 wt % K Palmitate e :
+ 0.25 wt % K Laurate .y
s = Tyiera~ 0.05.. 0.13(3)
—
~ 102 |
— - m=1/2
d .
= - o
o] ™ 1 wt %Na Laurate
L + 2 wt %K Cocoyl Glycinate
o * + 3 wt %Betaine
=213 Twall
10—3 1 1 1 1 1 1 11 Ill 1 1 11 1 1 11 /
1076 1073 16+ 1073 y
Capillary number ;
uu i ,’
Ca=—- u [« ’,/ K
14 P
ﬂ
u=3cm/s = /
Twall
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Structure

* Review lecture 8

* Rheology

* Elastic deformation

* Yield Stress

* Influence of liquid fraction
* Dissipation in foam flow

*  Wall effect

* Dilatancy and shear banding

* Measurement of foam rheology
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Dilatancy

* Sheared granular media (foam) sucks in liquid
* Osmotic pressure describes tendency of foam to attract liquid

* Shearing increases osmotic pressure of foam

osmotic pressure [T,

semipermeable 08 F e
membrane -

07 I -
g A
L o6 . .
g 05} &
71 [ ] -
4 2 strained
5 04t .
L2 . a
2
g 03F . a A
g

/ . .
02t a -
H .
unstrained . b
01 F . - a 1
[ ] r-y
. A
0 1 1 1 L L L
0.04 0.06 0.08 01 0.12 0.14 0.16

— liquid fraction @,

[Weaire & Hutzler 2008]
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Shear banding

* T1 rearrangements are localized in a single sliding layer (band)?
* Local shear might attract more liquid (dilatancy)

* Locally higher liquid fraction reduces shear modulus, stabilizing shear layer

TECHNISCHE Lecture 8: Foam Rheology
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Shear banding

* Some experiments/simulations have observed shear bandings [Dennin 2008, Wyn et al.
2008, Van Hecke 2010, Weaire et al. 2010]

* Some experiments have not [Ovarlez et al. 2008, 2010]

* Presumably more likely in monodisperse foam, supressed at high polydispersity

* Maybe an effect of inhomogeneous foam, shear start-up
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Structure

* Review lecture 8

* Rheology

* Elastic deformation

* Yield Stress

* Influence of liquid fraction
* Dissipation in foam flow

*  Wall effect

* Dilatancy and shear banding

* Measurement of foam rheology
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Rheometer

* Measure relation between strain (rate) and stress
*  Well defined geometry
* - analytical solution of stress / strain distribution

* Avoid wall slip! - etching grooves, sandpaper
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Sliding plate

Ve i_ ¥ _F

N T S

Parallel plate

-QZ
LJ(;'z] = 'JT
5{"'}_& g_:‘—ii-l
L L
2Mr
a(r) = g,,(r) = ——
' aRY

R
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Herschel-Bulkley law

Steady shear ,
T = Tyjela T T]pgﬁ: B<1
* Set steady shear rate (or steady stress) 4
* Wait for steady state and measure stress (or shear rate) =
R
* Test different shear rates %
3
> 4 measure
e T a %
> - — shear rate €’ '
time time
} I T T T
) | fI ' | o Effective viscosity i} 05 1
. N O =/W/\ 7/€ in flow state £
% | //W WWV \/ [ :
g ) % | :
i % i
Q BT i
7o & | o iy
o2 F (180 ]
L ) . 7 | "'m - ”E.[}: . ““"I.lil" I “”"I.lir"
° ' GShearstraine € [1A]
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Shear start-up

* Shear start-up

* Start to shear with constant shear rate, measure corresponding shear stress

T~ =

time time time

Yield point

v

08

flow

[

, mWVWAHJ/A; V o Elastic shear modulus
o _
124

06 |

e Yield stress

04 F

Yield point « Effective viscosity 7/ in flow state

02}

Shear stress T

’ ; Shear s;i:ra.ine
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Response on shear stress step

u
* Sudden stress is provided, corresponding strain is measured d u
£ =—
* Relation between stress T and strain ¢ d
"I' A
Step in shear stress
* Elastic body: * Newtonian fluid:
shear modulus G , \ viscosity p
T =Ge¢ T=UE
8“ €A
time time
aﬁﬂ-lENnglf_:rIE gggtcl;;e:f;iiigm Rheology Slide 56 oresoen &\
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Response on oscillatory stress

* Sinusoidal stress is provided, strain response is measured d u
T d

T = T cos(wt)

N/
VAR

»

* Elastic body: Newtonian fluid:
ime
T = Ge

e, ET 80 cos(wt) . o, E° gosin(wt)

T=NE

\ / tlme \/ time
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Response on oscillatory strain

u
* Sinusoidal strain is provided, stress response is measured d u
& = E
- € = gycos(wt)
* Elastic body: * Newtonian fluid:
T=Ge¢ T=HNE
T = T cos(wt) = Gegcos(wt) ﬁme T = — 1y sin(wt) = —pw &ysin(wt)
7o = G& To = UW &
T 4 \
TA

v

N VA
(VAR T
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e .
Complex shear modulus G el®t = cos(wt) + isin(wt)

* Combined elastic and viscous response in a single (complex) modulus R(e'") = cos(wt)

It — o
* Storage modulus G’ describes capacity to store elastic energy R(te™) sin(wt)

* Loss modulus G” describes dissipation of energy

* Elastic body: e 4 = gycos(wt) * Newtonian fluid:
_ it
T = Ge¢ € = & R(e') T=UNE
TA ‘
T = 7o cos(wt) = Geycos(wt) T = — 1y sin(wt) = —uw gysin(wt)

"""""""" / N\

time _ .
/ T = gy R(G*e'") \\/ time
> T =gy G R(e®?) G*=G"+iG" =G+ iuw — —

- T = gopuw R(iet®?)

v

T = £9G' cos(wt) — £7G''sin(wt)
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Oscillatory shear

« Sinusoidal strain of amplitude ¢, and frequency w

« Wait for steady state and measure resulting stress

« Gives complex shear modulus G*(w)

€ = g R(e'®?t)

T = g, R(G*e'®!)

G* =G’ +iG"

TECHNISCHE
@ UNIVERSITAT
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Normalised moduli

T =1, R(eiwt+5)

measure T
=) TOI ________________________
N yan
fg’ time

001
(.00

i 0.1
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Remarks

* Difficult to perform proper measurements because of foam aging, drainage, wall-slip
* No optical reference to probe shear field

* Not that much data available, particularly for high liquid fractions

* (Surface Evolver) simulations are difficult, because energy dissipation not resolved

* Shear banding still under discussion

* Emulsions as a model for foam (no drainage)
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