
A. 2. a Matsubara formalism

• Basic idea : Use the formal analogy between the un -

normalized thermal state operator § = e-
PH
and the

time - evolution operator Ulf , 0) = e-
iltt

.

- Introducing the
time - like variable c- ,

o < c- £13 ,
g-

satisfiesthe equation : Ig, g- (E)
= - It %)

,
where Flo) -11

,

and Fcp ) = § = e-
PH

-

- By means of the Wick rotation + ← -it this maps to

the standard Schrodinger equation .



- The analog of Heisenberg operators is given by Matsubara operators :

4µm (✗ it) = e
"t4C✗) e-

Hi

YIM Gil = eltiyt, e-
Ht

I 1

note that 47 =/ ④Itt
→

→ 3-+41141-1=[144+7*4] , 3-+9,11*1 = [11-17,11*1]

- The Matsubara Green 's function is defined as

Gulati
✗

'

it
'

) = - ( July:(✗ it) Ffa: i'D=

= - Tr {¥+11T:*.int:*:o)}*
where the Matsubara time

- ordering operator Jµ is analogous to

J
,
just for the thermal

"time " variable I
.



spatial arguments dropped
• Periodicity of Gµ in T

↳

- Due to the cyclic property of the trace , Gnat
') = Guti-E)

with con = HI
- E-T

'
c- E- PIP ] → Gm (E) = F- [ Gmlwn ) e-

iwnt

p
B

h = -

Matsubara
frequencies

- Choosing TCO
,
let us calculate Gnat and Gm ( c-+ p) :

Fermions
↳

Gncij = ÷ F- Tr{
e-
"tyre"'t e-

*

} = -11¥ { e-
""""yteitiy}

Bosons

yet
= -1ztr{eHI e- 1+0+134+1

Galttp ) = - ¥Tr{e-
BH 1+1*14
, e-

11-10-+17 }
e

T

Ttp > 0 Fermions
t

= -

1- Tr{ e-
" '""
yte

"'t } = I Galil .

y
Z

P

cyclic Bosons
property



→ Gµ (e) anti
- periodic with 13 for fermions and periodic

with p for bosons
.

Matsubara
↳ WE

WNB ±z÷
frequencies

• Diagrammatic perturbation theory for
the Matsubara GF

- Matsubara interaction picture for It = Hot V :

,
Sm (Tritz) = e'to

"
e-
1+1%-4

e-
Hot
?YMCX , e) = e.

Hot
ya, e-

Hot

which satisfies ftp.smct.ca/=-VYo-iSmliiitYi
with vmco-j-eH.tv e-

Hot

.

- Edi Vmcej
→ Sm (Tritz ) = Jm e

"



- By formal analogy to the Dirac interaction picture , we get ,

Gmlxiitnixzitz ) =

'

- F- Tr /e-
""

Jm (Sulpice ) Ymca , a) 4-Maui))) =

= - ¥-4m ( Salmo ) YTmiiYY↳ ,

with c.→ =Trf¥÷ - - - -
. )

.

Using 2¥ = ( I. Tr(e-
' "Jj! ((el

"'t :-P
"

? )"= ( < sucks?)?

WE get Gµ( ✗g. ix. a) = -
( Tm (smlPHT%ntY47✗ai.)))
( Sulpice ) > o



- Since the cancellation theorem and Wick 's theorem remain

valid under the Wick rotation , the diagrammatic expansion

is completely analogous to the F- 0 case
, by simply

reinterpreting ⇐ =
- Gu

,
C- =

- GI
,

• -
- -

-•
= - U

.

( note the absence of "

i
"

prefactors)

- Practical complication : Rather than integrating frequency variables ,
we need to sum on discrete frequencies WE or win in the

Matsubara formalism .

↳ useful trick : If I just £ lzi
"+ "

for b-↳• with E> 0 ,

we get : to

↳ É f (iwi )
= - I § [tank"÷) Rest (4) i¥§§iwiY= - 1.{ Foth ' ¥:(1*1]

2- = 2- s s

h= - co

as tanh ¥ ( coth ¥ ) has poles with residue F- precisely atzn-iwnflz-n-iw.ly.
-
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to :
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1 Ifatzs
= ziti { Res / tanh feel ) + ziti {tanh

Res /flu) ,
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