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Chapter 5

Inexact methods beyond weak coupling

The exact methods discussed in the previous chapter will fail for systems with interactions (e.g.
quartic Hamiltonians in annihilation and creation operators): The Heisenberg equations of motions
will not close and although the general thermodynamic statemens remain true, we cannot calcu-
late the discussed quantities like entropy production exactly. Likewise, the weak-coupling (BMS)
master equation may fail if we consider e.g. strong-system reservoir interactions or non-Markovian
reservoirs. To close the arising descriptive gap, some methods have been developed.

5.1 General polaron master equation

We consider an arbitrary system described by HS (which may contain interactions) via a single
hermitian coupling operator S = S† to a bosonic reservoir

H = HS +
�

k

ωk

�
b†k +

hk

ωk

S

� �
bk +

h∗
k

ωk

S

�
, (5.1)

with reservoir energies ωk, bosonic annihilation operators bk, and spontaneous emission amplitudes
hk. Importantly, we note that – if HS has a lower spectral bound – the above Hamiltonian has a
lower spectral bound for all values of the coupling strength hk. Upon expansion and introducing
the spectral function Γ(ω), this leads to a term

ΔHS =
�

k

|hk|2
ωk

S2 =
1

2π

� ∞

0

Γ(ω)

ω
dωS2 (5.2)

that renormalizes the system Hamiltonian and is typically neglected in weak-coupling treatments.
When for example following the minimal coupling procedure, such a term will however arise gener-
ically. In our discussion here, we will keep it.

Now, the unitary polaron transform

UP = exp

�
S
�

k

�
h∗
k

ωk

b†k −
hk

ωk

bk

��
(5.3)

can be defined for arbitrary coupling operators S and has the following properties

UPSU
†
P = S ,

UP bkU
†
P = bk −

h∗
k

ωk

S , UP b
†
kU

†
P = b†k −

hk

ωk

S , (5.4)
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Figure 5.1: Sketch of a single-electron transistor
that is capacitively coupled to a phonon reservoir.
The interaction in the original Hamiltonian is of
the pure dephasing type, i.e., to lowest order the
SET energy will not be changed by the phonons.
A conventional master equation treatment would
yield no phonon effect on the SET dynamics.

where the first line follows trivially and the last two lines can be shown with the nested commutator
expansion. In the polaron picture, the total Hamiltonian therefore becomes

H � = UPHU †
P = UPHSU

†
P +

�

k

ωkb
†
kbk . (5.5)

Now, if [HS, S] = 0 as e.g. in the pure dephasing model, we would have UPHSU
†
P = HS and the

model was completely decoupled in the polaron frame. However, realistic models will usually not
do us this favor, and UPHSU

†
P will involve terms mediating the interaction between system and

reservoirs. The usual approach to derive a polaron master equation now defines a modified system
Hamiltonian by the requirement that the first order expectation value of the interaction between
system and reservoir should vanish in a thermal equilibrium state of the reservoir

H � = UPHSU
†
P +

�

k

ωkb
†
kbk

= TrB

�
UPHSU

†
P

e−βωkb
†
kbk

Z

�

� �� �
H�

S

+

�
UPHSU

†
P − TrB

�
UPHSU

†
P

e−βωkb
†
kbk

Z

��

� �� �
H�

I

+
�

k

ωkb
†
kbk

� �� �
H�

B

. (5.6)

The first term defines a renormalized system Hamiltonian, the second term denotes the system-
reservoir interaction which by construction obeys TrB

�
H �

Ie
−βH�

B/Z
�
= 0, and the last term the

reservoir contribution. In particular, we note that in this frame, in the strong coupling limit
hk → ∞, none of these terms diverges. When deriving a master equation in this frame, instead of
being perturbative in the hk, we are rather perturbative in the term in square brackets, such that
there exist regimes where the polaron master equation can be used to treat the strong-coupling
limit.

5.2 Example: Phonon-coupled single electron transistor

As before, we consider a quantum dot model that is additionally coupled to phonons. To keep the
analysis simple however, we follow Ref. [1] by considering an SET that is coupled to one, many, or
even a continuum of phonon modes as depicted in Fig. 5.1.
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5.2.1 Model

We write the full Hamiltonian as H = HSET +HI +Hph
B , where the SET Hamiltonian is given by

HSET = �d†d+
�

ν∈{L,R}

�

k

�
�kνc

†
kνckν + tkνdc

†
kν + t∗kνckνd

†
�
. (5.7)

In addition, the central dot of the SET now interacts with a phonon reservoir

HI = d†d⊗
Q�

q=1

�
hqaq + h∗

qa
†
q

�
, Hph

B =

Q�

q=1

ωqa
†
qaq (5.8)

containing Q phonon modes. Obviously, the interaction commutes with the central dot part of
the SET Hamiltonian. Therefore, if one would conventionally derive a master equation for the
population dynamics of the central quantum dot, the additional phonon bath would not affect the
populations of the central dot at all – the interaction is of pure-dephasing type.

In general however, this cannot be true: The interaction does not commute with the total SET
Hamiltonian, and therefore one must expect the phonons to have some effect. Indeed, extensive
calculations with only a single phonon mode whose dynamics is completely taken into account
have revealed a strong suppression of the electronic current when strongly-coupled phonons are
present. This phenomenon has been termed Franck-Condon blockade [2].

To treat such cases within a master equation approach, we apply a transformation to the full
Hamiltonian H � = UHU † with the unitary operator

U = exp

�
d†d
�

q

�
h∗
q

ωq

a†q −
hq

ωq

aq

��
≡ ed

†dA . (5.9)

The above transformation is known as polaron or Lang-Firzov transformation [3, 4]. Obviously,
the electronic leads are unaffected by the transformation, since UckνU

† = ckν , and also the central
dot part is inert Ud†dU † = d†d. There are multiple ways of proving the following relations

UdU † = de−A , Ud†U † = d†e+A ,

UaqU
† = aq −

h∗
q

ωq

d†d , Ua†qU
† = a†q −

hq

ωq

d†d . (5.10)

These immediately also imply the relation

Ua†qaqU
† = a†qaq −

d†d

ωq

�
hqaq + h∗

qa
†
q

�
+

|hq|2
ω2
q

d†d . (5.11)

After the polaron transformation, the Hamiltonian therefore reads

H � =

�
�−

�

q

|hq|2
ωq

�
d†d+

�

kν

�kνc
†
kνckν +

�

q

ωqa
†
qaq

+
�

kν

�
tkνdc

†
kνe

−A + t∗kνckνd
†e+A

�
, (5.12)

and thereby admits a new decomposition into system and bath Hamiltonians, see also Fig. 5.2.

Most obvious, we observe a shift of the electronic level � → �� = �−�q
|hq |2
ωq

. Second, the electronic
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Figure 5.2: After the polaron transformation,
direct coupling between the central quantum
dot and the phonons in Fig. 5.1 is trans-
formed to the electronic tunnel couplings. The
electron-phonon coupling may be treated non-
perturbatively (dash-dotted lines) when the elec-
tronic tunnel couplings are treated perturbatively
(dashed lines).

tunneling terms between central dot and the adjacent leads now become dressed by exponential
operators

H �
I =

�

kν

�
tkνdc

†
kνe

−�
q

�
h∗q
ωq

a†q− hq
ωq

aq

�

+ t∗kνckνd
†e

+
�

q

�
h∗q
ωq

a†q− hq
ωq

aq

��
, (5.13)

which demonstrates that every single electronic jump from the central dot to the leads may now
trigger multiple phonon emissions or absorptions. This implies that a perturbative treatment in tkν
still enables for a non-perturbative treatment of the phonon absorption and emission amplitudes
hq. Furthermore, this leads to the somewhat non-standard situation that already in the interaction
Hamiltonian one has now operators from different reservoirs occurring in a product, which implies
interesting properties for the correlation functions.

5.2.2 Reservoir equilibrium in the polaron picture

Before we proceed further by deriving a master equation in the displaced polaron frame, we remark
that the solution from the displaced frame has to be transformed back to the original picture. A
rate equation in the displaced frame implies that the full density matrix in the polaron frame is
given by a product state of system and reservoir, where the phonon reservoir density matrix is

given by the thermal equilibrium state ρ�(t) = ρ�S(t)ρ̄
(L)
B ρ̄

(R)
B

e
−βphH�

B

Z�
ph

. The transformation back to

the initial frame is given by the inverse polaron transformation

ρ(t) = U †ρ�(t)U = U †ρ�S(t)ρ̄
(L)
B ρ̄

(R)
B UU † e

−βphH
�
B

Z �
ph

U

= U †ρ�S(t)U ρ̄
(L)
B ρ̄

(R)
B

e−βphU
†H�

BU

Z �
ph

, (5.14)

where we have used that the polaron transformation (5.9) leaves the electronic reservoirs untouched.
When the system density matrix does not exhibit coherences ρ�S(t) = PE(t)dd

† + PF (t)d
†d, the

unitary transformation will leave it untouched, such that only the reservoir part will be modified.
With H �

B =
�

q ωqa
†
qaq we can with the inverse transformations of Eq. (5.10)

U †H �
BU =

�

q

ωqa
†
qaq + d†d⊗

�

q

�
hqaq + h∗

qa
†
q

�
+
�

q

|hq|2
ωq

d†d

= d†d⊗
�

q

�
ωqa

†
qaq + hqaq + h∗

qa
†
q +

|hq|2
ωq

1

�
+ dd† ⊗

�

q

ωqa
†
qaq (5.15)
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represent the operator in the exponential as a sum of commuting operators. Since for all operators
AB = BA = 0 we have eA+B = eAeB we conclude

e−βphU
†H�

BU = e−βphd
†d⊗�

q ωq(a
†
q+hq/ωq)(aq+h∗

q/ωq)e−βphdd
†⊗�

q ωqa
†
qaq

=
�
1+ d†d

�
e−βph

�
q ωq(a

†
q+hq/ωq)(aq+h∗

q/ωq) − 1
�� �

1+ dd†
�
e−βph

�
q ωqa

†
qaq − 1

��

= d†de−βph
�

q ωq(a
†
q+hq/ωq)(aq+h∗

q/ωq) + dd†e−βph
�

q ωqa
†
qaq . (5.16)

Comparing with the initial Hamiltonian, the phonon part of the first term in the last line is nothing
but the thermal phonon state under the side constraint that the SET dot is filled. Formally, this
can be seen by replacing d†d → 1 in Eq. (5.8). Similarly, the other term is the thermalized phonon
state when the SET dot is empty. Therefore, preparing the reservoir in a thermal state in the
polaron-transformed frame implies that in the original frame, the reservoir state is conditioned
on the state of the system. Inserting the assumption that there are no coherences in the system
ρ�S(t) = PE(t)dd

† + PF (t)d
†d, the full density matrix in the original frame becomes

ρ(t) = PE(t)dd
†ρ̄(L)B ρ̄

(R)
B ⊗ e−βph

�
q ωqa

†
qaq

Z �
ph

+ PF (t)d
†dρ̄(L)B ρ̄

(R)
B ⊗ e−βph

�
q ωq(a

†
q+hq/ωq)(aq+h∗

q/ωq)

Z �
ph

.

(5.17)

Therefore, when the SET dot is occupied, the phonon state is given by a displaced thermal state,
whereas when the SET dot is empty, it is just given by the thermal state corresponding to the
original phonon Hamiltonian. The phonon dynamics thereby follows the system state immediately,
which goes beyond the conventional Born approximation.

5.2.3 Polaron Rate Equation for discrete phonon modes

In the transformed frame, we do now proceed to derive a rate equation for the SET dot populations.
We choose to count the phonons emitted into the phonon bath, to test the applicability of the
counting field formalism. Here, we will use Nph =

�
q a

†
qaq as the reservoir observable of interest.

Identifying the bath coupling operators in the interaction Hamiltonian (5.13) as

B1ν =
�

k

tkνc
†
kνe

−A , B2ν =
�

k

t∗kνckνe
+A (5.18)

it becomes quite obvious that the reservoir correlation functions will now simultaneously contain
contributions from electronic and phonon reservoirs. Recalling the definition of the generalized
correlation function, we obtain a simple product form between electronic and phononic contribu-
tions

Cν,χ
12 (τ) = �B1ν(τ)B2ν� = Cν

12,el(τ)C
χ
12,ph(τ) ,

Cν,χ
21 (τ) = �B2ν(τ)B1ν� = Cν

21,el(τ)C
χ
21,ph(τ) . (5.19)

Here, the electronic contributions are just the conventional ones known from the SET

Cν
12,el(τ) =

�

k

|tkν |2fν(�kν)e+i�kντ =
1

2π

�
Γν(−ω)fν(−ω)e−iωτdω ,

Cν
21,el(τ) =

�

k

|tkν |2[1− fν(�kν)]e
−i�kντ =

1

2π

�
Γν(ω)[1− fν(ω)]e

−iωτdω . (5.20)
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In contrast, the phonon contributions are given by

Cχ
12,ph(τ) =

�
e−iNphχe−A(τ)e+iNphχe+A

�
, Cχ

21,ph(τ) =
�
e−iNphχe+A(τ)e+iNphχe−A

�
, (5.21)

with the phonon operator in the interaction picture

A(τ) =
�

q

�
h∗
q

ωq

a†qe
+iωqτ − hq

ωq

aqe
−iωqτ

�
. (5.22)

We note that by hq → −hq, we transform Cχ
12,ph(τ) → Cχ

21,ph(τ), such that we actually only need
to calculate one correlation function. To calculate phonon contribution to the correlation function,
we can exploit that (with Aχ(τ) = e−iNphχA(τ)e+iNphχ)

[Aχ(τ), A] = 2i
�

q

|hq|2
ω2
q

sin(ωqτ − χ) (5.23)

is just a number, which implies – using the Baker-Campbell-Hausdorff relation

e−A
χ
(τ)e+A = eA−Aχ

(τ)−1/2[Aχ
(τ),A]

= e
�

q

�
h∗q
ωq

a†q(1−e+i(ωqτ−χ))− hq
ωq

aq(1−e−i(ωqτ−χ))

�

e
−i

�
q
|hq |2
ω2
q

sin(ωqτ−χ)
. (5.24)

For a thermal reservoir, the phonon correlation function can be written as a product of single-mode

correlation functions Cχ
12,ph(τ) =

Q�
q=1

Cχ,q
12,ph(τ), where the single mode contributions read

Cχ,q
ph (τ) =

�
e

h∗q
ωq

a†q(1−e+i(ωqτ−χ))− hq
ωq

aq(1−e−i(ωqτ−χ))
e
−i

|hq |2
ω2
q

sin(ωqτ−χ)

�

=

�
e

h∗q
ωq

a†q(1−e+i(ωqτ−χ))
e
− hq

ωq
aq(1−e−i(ωqτ−χ))

�
e
− |hq |2

ω2
q

(1−e−i(ωqτ−χ))
. (5.25)

By expanding the exponentials, we can evaluate the expectation value for thermal states, where
the probability of having n quanta in the mode q is given by Pn = (1− e−βphωq)e−nβphωq as

�
eα

∗
qa

†
qe−αqaq

�
=

∞�

n,m=0

(α∗
q)

n

n!

(−αq)
m

m!

∞�

�=0

P���| (a†q)n(aq)m |��

=
∞�

n=0

(−1)n|αq|2n
(n!)2

∞�

�=0

P���| (a†q)n(aq)n |�� =
∞�

�=0

P�

��

n=0

(−1)n|αq|2n
(n!)2

�!

(�− n)!

=
∞�

�=0

P�L�(|αq|2) = e−|αq |2nq
B (5.26)

with the Bose distribution nq
B = [eβphωq −1]−1 and Legendre polynomials, defined by the Rodriguez

formula [5]

Ln(x) =
1

2nn!

dn

dxn

�
x2 − 1

�n
. (5.27)
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The single-mode contributions thus become with αq =
hq

ωq
(1− e−i(ωqτ−χ))

Cχ,q
ph (τ) = exp

�
|hq|2
ω2
q

�
e−i(ωqτ−χ) (1 + nq

B) + e+i(ωqτ−χ)nq
B − (1 + 2nq

B)
�
�

, (5.28)

such that finally, we obtain for the phonon correlation function

Cχ
12,ph(τ) = exp

��

q

|hq|2
ω2
q

�
e−i(ωqτ−χ)(1 + nq

B) + e+i(ωqτ−χ)nq
B − (1 + 2nq

B)
�
�

. (5.29)

The fact that the transformation hq → −hq leaves this result invariant implies that the phonon
contribution is always the same in Eq. (5.19), such that we can drop the indices 12 and 21.
Furthermore, we see that the phonon counting field occurs at the positions where one might have
intuitively expected them. We note that the phonon correlation function obeys the KMS condition.

The observation that in the phonon correlation function (5.28) the terms proportional to
(1 + nq

B) correspond to the emission of a phonon into the phonon reservoir and terms propor-
tional to nq

B alone are responsible for the absorption of a phonon from the reservoir enables one
to derive the full phonon counting statistics from the model. Formally expanding the single mode
correlation function into multiple emission (m�) and absorption (m) events we would obtain a
decomposition in the net number of phonon absorbtions by the phonon bath n = m� −m, where
Cχ,q

ph (τ) =
�+∞

n=−∞ Cq,n
ph (τ)e

inχ, and Cq,n
ph (τ) = 1

2π

� +π

−π
Cχ,q

ph (τ)e
−inχdχ can be determined by the

inverse Fourier transform. In particular, using that

Cq
ph(τ) = e

− |hq |2
ω2
q

(1+2nq
B)

∞�

m,m�=0

�
|hq|2
ω2
q

�m+m�

(nq
B)

m(1 + nq
B)

m�

m!m�!
e+i(m−m�)ωqτ (5.30)

one can show that by introducing the net number of phonon absorptions by the phonon bath
n = m� − m, the correlation function can be represented as (below, we drop the counting field
χ → 0, since we have an interpretation for each term)

Cq
ph(τ) =

+∞�

n=−∞
e−inωqτe

− |hq |2
ω2
q

(1+2nq
B)
�
1 + nq

B

nq
B

�n
2

Jn

�
2
|hq|2
ω2
q

�
nq
B(1 + nq

B)

�
, (5.31)

where Jn(x) denotes the modified Bessel function of the first kind [5] – defined by the solution of
the differential equation z2J ��

n (z) + zJ �
n(z)− (z2 + n2)Jn(z) = 0. Introducing for multiple modes

the notation n = (n1, . . . , nQ), ω = (ω1, . . . ,ωQ), we therefore have for the full multi-mode phonon
correlation function the representation

Cph(τ) =
�

n
e−in·ωτ

Q�

q=1

�
e
− |hq |2

ω2
q

(1+2nq
B)
�
1 + nq

B

nq
B

�nq
2

Jnq

�
2
|hq|2
ω2
q

�
nq
B(1 + nq

B)

��

=
�

n
e−in·ωτCn

ph , (5.32)

where the simple exponential prefactor enables to calculate the Fourier transform of the full cor-
relation function. In particular if only a single phonon mode is present, this enables a simple
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calculation of the Fourier transform of the complete electron-phonon correlation function

γν
12(ω) =

�

nν

γν
12,el(ω − nν · ω)Cnν

ph =
�

nν

γν
12,nν

(ω) ,

γν
21(ω) =

�

nν

γν
21,el(ω − nν · ω)Cnν

ph =
�

nν

γν
21,nν

(ω) . (5.33)

Here, the terms γν
12,nν

are interpreted as the emission of nν phonons into the phonon reservoir
whilst an electron jumps from lead ν onto the SET dot, whereas γν

21,nν
accounts for the emission

of nν when an electron is emitted to lead ν. Now, the bosonic KMS relation

C−nν
ph = e−βphnν ·ωC+nν

ph (5.34)

together with properties of the Fermi functions implies a KMS-type relation for the full correlation
function

γν
12,+nν

(−ω) = e−βν(ω−µν+nν ·ω)e+βphnν ·ωγν
21,−nν

(+ω) , (5.35)

which now involves both the electronic and phononic temperatures. However, we note that when
these temperatures are equal, the usual local detailed balance relations are reproduced. Deriving
a secular-type rate equation for the dot occupation is now straightforward, the probabilities for
finding the dot empty or filled are governed by the rate matrix

L =
�

ν∈{L,R}

�

nν

� −γν
12,nν

(−��) +γν
21,−nν

(+��)
+γν

12,nν
(−��) −γν

21,−nν
(+��)

�
, (5.36)

where γν
12,nν

(−��) denotes the rate for an electron jumping onto the SET dot from lead ν whilst
simultaneously emitting nν phonons of the various modes into the phonon reservoir. Correspond-
ingly, γν

21,−nν
(+��) denotes the rate for the inverse process. Having identified the rates for the

various involved processes, we can proceed by introducing counting fields. For a three-terminal
system with the phononic junction only allowing for energy exchange and with conservation laws
on the total energy and particle number we can expect three counting fields to be sufficient for
tracking the full entropy production. These can – for example – be the matter transfer from left
to right and the energy emitted to the phonon bath counted separately for electronic jumps, such
that we have the counting-field dependent version

L(χ, ξL, ξR) =
� −γL

12,nL
(−��) +γL

21,−nL
(+��)e−inL·ΩξL

+γL
12,nL

(−��)e+inL·ΩξL −γL
21,−nL

(+��)

�

+

� −γR
12,nR

(−��) +γR
21,−nR

(+��)e+iχe−inR·ΩξR

+γR
12,nR

(−��)e−iχe+inR·ΩξR −γL
21,−nR

(+��)

�
, (5.37)

which enables one to reconstruct all energy and matter currents and thus the full entropy flow.
Here, we will first investigate the impact of the phonon presence on the electronic matter

current. If one is only interested in the electronic current, we may set ξL = ξR = 0. The transition
rates in the above Liouvillian become particularly simple in the case of a single phonon mode

γν
12,+n(−��) = Γν(�

� + nΩ)fν(�
� + nΩ)e−Λ(1+2nB)

�
1 + nB

nB

�n
2

Jn

�
2Λ
�
nB(1 + nB)

�
,

γν
21,−n(+��) = Γν(�

� + nΩ)[1− fν(�
� + nΩ)]e−Λ(1+2nB)

�
nB

1 + nB

�n
2

Jn

�
2Λ
�
nB(1 + nB)

�
, (5.38)



5.2. EXAMPLE: PHONON-COUPLED SINGLE ELECTRON TRANSISTOR 11

-30 -20 -10 0 10 20 30

bias voltage V [Ω]

-0.4

-0.2

0

0.2

0.4

el
ec

tr
o

n
ic

 c
u

rr
en

t 
I 

[Γ
]

uncoupled SET

Λ=1
Λ=5
Λ=10
Λ=10, βΩ=100

2 Ω

2 |ε’|

Figure 5.3: Electronic matter current versus bias
voltage applied to the SET for vanishing (bold
black) and increasing (dashed red, dash-dotted
blue, and dotted green, respectively) coupling
strengths Λ = |h|2/Ω2 = J0 to a single phonon
mode of frequency Ω (bold curves) or to a contin-
uum of phonon modes distributed according to an
ohmic model (thin solid curves in background).
The Franck-Condon blockade can within this
model be understood in terms of a renormaliza-
tion of the effective dot level �� = � − ΛΩ, which
– when ΛΩ � � will lead to current suppression.
Furthermore, the steps in the electronic current
observed for sufficiently low temperatures (solid
green) admit for the transport spectroscopy of
the phonon frequency Ω. In the multi-mode case
(thin solid curves, for ωc = Ω and J0 = Λ), cur-
rent suppression due to the level renormalization
is also observed but the steps in the current are no
longer visible. Other parameters: ΓL = ΓR = Γ,
βL = βR = βph = β, βΩ = 10 (except the thin
green curve), � = 5Ω, J0 = Λ, ωc = Ω.

where Λ = |h|2
Ω2

q
denotes the dimensionless coupling strength to the single phonon mode which is

occupied according to nB = [eβphΩ − 1]−1. The resulting electronic matter current is depicted in
Fig. 5.3.

Surprisingly, the simple 2×2 rate matrix predicts many signatures in the electronic current. For
example, in the electronic matter current one can read off the renormalized dot level at sufficiently
low electronic temperatures. In addition however, low temperatures also allow to determine the
phonon frequency from the width of the multiple plateaus.

5.2.4 Thermodynamic interpretation

The present rate equation does not directly fit the standard thermodynamic discussion, since the
contribution of the three reservoirs to the rates is not additive. Such non-additivity may lead to
interesting properties: For example, it is possible to implement a QAR with three reservoirs and
just a two-level system when the rates are non-additive [6]. Nevertheless, an interpretation in
terms of stochastic thermodynamics is possible.

The strong modification of the electronic current is due to the fact that the phonons allow for
processes that would normally be forbidden, see Fig. 5.4 In the trajectory in the figure, first an
electron jumps in from the left lead to the initially empty SET whilst absorbing two phonons.
The change of the system energy by ΔE = +�� = ΔEL +ΔEph is supplied by both the left lead
ΔEL = �� − 2Ω and the phonon bath ΔEph = +2Ω. In the second step, the electron leaves the
dot towards the right lead whilst again absorbing three phonons. Again, the change of the system
energy by −�� is supplied by the right lead ΔER = −(�� +3Ω) and the phonon both ΔEph = +3Ω.
These energy and matter transfers can be used to construct the total heat exchanged between the
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Figure 5.4: Sketch of the energetics of the prob-
lem for a single phonon mode, slightly adapted
from Ref. [1]. For sufficiently low electronic tem-
peratures, the dot level has to be between µL and
µR to allow for transport, such that an electronic
transfer from left to right would be extremely un-
likely for the depicted situation. With phonons at
sufficiently large temperature however, it is pos-
sible to realize trajectories where the missing en-
ergy is supplied by the phonon bath. The indi-
cated heat transfers from reservoirs into the sys-
tem allow for a complete reconstruction of the
entropy flows even for single trajectories.

reservoirs and thereby also the total entropy production in the steady state.
To relate the thermodynamic interpretation more to the modified local detailed balance relation,

let us now for simplicity restrict ourselves to the case of a single phonon mode (the generalization
to multiple modes is also possible). Formally, the rates corresponding to emission or absorption
of different phonon numbers enter additively in Eq. (5.36). This enables one to see the phonon
reservoir as a whole collection of infinitely many virtual phonon reservoirs that admit only for
the emission or absorption of a certain number of phonons with the same frequency each time
an electron is transferred across the SET junctions. This view enables one to adopt the previous
definition of the entropy flow, where the index ν labeling the reservoir may now assume infinitely
many values ν → (ν, n), where ν ∈ {L,R} denotes the junction across which an electron is
transferred and n denotes the virtual phonon reservoir from or to which only n phonons may
be absorbed or emitted at once. Recalling that L(ν,n)

EF denotes the rate for an electron to leave

the dot towards lead ν whilst absorbing n phonons from the reservoir and L(ν,n)
FE the rate of the

inverse process, i.e., for an electron to enter the dot from lead ν whilst emitting n phonons into
the reservoir, the local detailed balance relation becomes – with the rates in Eq. (5.38)

ln

�
L(ν,n)

FE

L(ν,n)
EF

�
= ln

�
γ12,+n(−��)

γ21,−n(+��)

�
= ln

�
fν(�

� + nΩ)

1− fν(�� + nΩ)

�
1 + nB

nB

�n�

= ln
�
e−βν(��+nΩ−µν)e+nβphΩ

�
= −βν(�

� + nΩ− µν) + βphnΩ , (5.39)

such that the entropy flow from the virtual reservoir (recall that ν → (ν, n)) becomes

Ṡ(ν,n)
e = L(ν,n)

EF P̄F ln

�
L(ν,n)

FE

L(ν,n)
EF

�
+ L(ν,n)

FE P̄E ln

�
L(ν,n)

EF

L(ν,n)
FE

�

=
�
L(ν,n)

EF P̄F − L(ν,n)
FE P̄E

�
ln

�
L(ν,n)

FE

L(ν,n)
EF

�

= βν(I
(ν,n)
E − µνI

(ν,n)
M ) + βphI

(n,ν,ph)
E = Ṡ

(ν,n)
e,el + Ṡ

(ν,n)
e,ph , (5.40)

which is additive in electronic and phononic contributions. Here, we have introduced the energy
flows corresponding to the emission or absorption of n phonons. The total energy flows are given
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by

IνE =
�

n

I
(ν,n)
E =

�

n

�
γ12,+n(−��)P̄E − γ21,−n(+��)P̄F

�
(�� + nΩ) ,

IphE =
�

n

�
I
(n,L,ph)
E + I

(n,R,ph)
E

�
=
�

n

�

ν

�
γ21,−n(+��)P̄F − γ12,+n(−��)P̄R

�
nΩ , (5.41)

whereas the total electronic matter current from lead ν is given by

IνM =
�

n

I
(ν,n)
E =

�

n

�
γ12,+n(−��)P̄E − γ21,−n(+��)P̄F

�
. (5.42)

Similarly, the total entropy flow from the electronic leads is obtained by summing over all differ-
ent n, and the total entropy flow from the phonon reservoirs is obtained by summing over the
contributions from different n and different ν

Ṡ(ν)
e =

�

n

Ṡ
(ν,n)
e,el

Ṡph
e =

�

n

�
Ṡ
(L,n)
e,ph + Ṡ

(R,n)
e,ph

�
. (5.43)

Altogether, the system obeys the laws of thermodynamics, which results in an overall positive
entropy production. Consequently, we just note here that it is possible to verify a fluctuation
theorem for entropy production, i.e., for Pn,eLph,e

R
ph
(t) denoting the probability for trajectories with

n electrons having traversed the SET from left to right and having emitted energy eLph = nL ·ω to
the phonon reservoir during electronic jumps over the left and energy eRph = nR · ω during jumps
over the right barrier. In detail, it reads [1]

lim
t→∞

P+n,+eLph,+eRph
(t)

P−n,−eLph,−eRph
(t)

= e[(βR−βL)�
�+(βLµL−βRµR)]n+(βph−βL)e

L
ph+(βph−βR)eRph , (5.44)

and it is straightforward to see that it reduces to the conventional fluctuation theorem when all
temperatures are equal.

Disregarding the phonon counting statistics, we note that the system also obeys a fluctuation
theorem involving the electronic transfer statistics only

lim
t→∞

P+n(t)

P−n(t)
= enAeff , (5.45)

where the effective affinity Aeff is however not related to the entropy production, it does, for
example, depend on the details of the coupling.

5.2.5 Polaron Rate Equation for continuum phonon modes

Also for a continuum of phonon modes it is possible to obtain a master equation representation.
Here, we directly represent the phonon correlation function (5.29), taking a counting field for the
energy of the phonon reservoir into account. This then yields

Cξ
ph(τ) = exp

�� ∞

0

dω
J(ω)

ω2

�
e−iω(τ−ξ)(1 + nB(ω)) + e+iω(τ−ξ)nB(ω)− (1 + 2nB(ω))

��
, (5.46)
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where we have introduced the spectral density J(ω) =
�

q |hq|2δ(ω − ωq), and ξ is a counting
field responsible for the energy of the phonon reservoir. When we choose the common ohmic
parametrization J(ω) = J0ωe

−ω/ωc with dimensionless coupling strength J0 and cutoff frequency
ωc, the integral can be solved exactly. Writing the Bose-Einstein distributions as a geometric series
and resumming all separate integral contribution, we finally obtain for the phonon correlation
function

Cξ
ph(τ) =



Γ
�

1+βphωc+i(τ−ξ)ωc

βphωc

�
Γ
�

1+βphωc−i(τ−ξ)ωc

βphωc

�

Γ2
�

1+βphωc

βphωc

�
(1 + i(τ − ξ)ωc)




J0

, (5.47)

where Γ(x) =
∞�
0

tx−1e−tdt denotes the Γ-function. The observation that Cξ
ph(τ) = Cph(τ − ξ)

(generally true for energy counting and an initial state that is diagonal in the energy eigenbasis)
leads to the relation

γξ
ph(ω) = e+iωξγph(ω) . (5.48)

We note from Eq. (5.46) that for particular parametrizations of the spectral coupling density one
can expect that for large times the phonon correlation functions may remain finite limt→∞ Cph(τ) �=
0. However, the total correlation function is given by a product of electronic (which decay) and
phonon correlation functions. Its Fourier transform (that enters the rates) can be calculated
numerically from a convolution integral

γν,ξν
12 (−��) =

1

2π

�
dωΓν(−ω)fν(−ω)γph(−�� − ω)e−i(��+ω)ξν ,

γν,ξν
21 (+��) =

1

2π

�
dωΓν(+ω)[1− fν(+ω)]γph(+�� − ω)e+i(��−ω)ξν , (5.49)

and enters in this case a rate matrix of the form

L(χ, ξL, ξR) =
�

−γL
12(−��) +γL,ξL

21 (+��)

+γL,ξL
12 (−��) −γL

21(+��)

�
+

�
−γR

12(−��) +γR,ξR
21 (+��)e+iχ

+γR,ξR
12 (−��)e−iχ −γR

21(+��)

�
, (5.50)

from which the electronic matter current can be directly deduced. With the choices J0 =
|h|2
Ω2 and

ωc = Ω the electronic current is for high temperatures quite similar as if one would have only a
single phonon mode. Also the symmetries are similar to that of Eq. (5.37), and a similar fluctuation
theorem arises from that. The crucial difference however is that at low temperatures, the phonon
plateaus are no longer visible – compare the thin solid versus the bold curves in Fig. 5.3. Since for
the continuum model many different phonon frequencies contribute, this is expected. Interestingly
however, the current suppression due to the presence of the phonons (Franck-Condon blockade) is
also visible for a continuum of phonon modes.
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