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5.3 Collective coordinate mappings

Suppose the total Hamiltonian of the universe has the structure of a (possibly semi-infinite) chain,
with the system located at the end. To infer the dynamics of the system, i.e., the first (few) site(s),
we could derive the master equation for it, which heavily depends on the spectral function of the
chain reservoir. To improve the validity of the master equation, we can extend the system by
shifting the boundary between system and reservoir along the chain and then compute the master
equation for the extended system. Setting up the master equation will require the computation
of the spectral function of the residual reservoir, and solving it will require more resources as the
system has become larger with this procedure.

In case a chain structure is not provided, i.e., if one starts from a star configuration, one may
always reconstruct at least a partial chain structure: A single collective coordinate may then be
incorporated into the system, taking the impact of the reservoir into account.

5.3.1 Bosonic mappings
Bosonic Bogoliubov transforms

In a nutshell, Bogoliubov transforms (compare lecture on Advanced Mathematical Methods) map
bosonic (or fermionic) creation and annihilation operators to new bosonic (or fermionic) creation
and annihilation operators while leaving their (anti-)commutation relations invariant.

Def. 1 (Bosonic Bogoliubov transform). A bosonic Bogoliubov transform is a linear mapping
between bosonic annihilation and creation operators, which preserves the corresponding bosonic
commutation relations

[ak; aL] = (0 lak, aw] =0,

ar = Z [qubq + 'qub:;} 9 |:bk7 b;,] = 5kk’ , [bk7 bk’] = O7 (51)

q

where Ugg, Vig € C.

The demand that the commutation relations must be preserved puts additional constraints on
the a priori unknown coefficients uy, and vy,. For example, from the commutation relations we
obtain the conditions

T E : * T
[ak, ak,} = (ukquk,q - quvk,q) = 5kk:’ s

q

[CLk, ak/} = Z (ukqvk/q — quuk/q) = 0, (52)

q
where we note that the equation [a,t, aL,] = ( just adds the conjugate of the second constraint.

e A simple but special solution to these equations is to choose v = 0. Then, creation and
annihilation operators are not mixed, the second of Eq. (5.2) is trivially fulfilled, and the
first reduces to a unitarity condition Zq UkqUpry = Ok on the matrix formed by the wuy,.
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In this case, the Bogoliubov transform therefore reduces to a unitary transform between
annihilation operators. An even more trivial example of unitary Bogoliubov transforms is
the multiplication of the creation and annihilation operators by a phase factor (absence of
any mixing): When discussing operator transforms, we noted that time-dependent phase
factors would e.g. arise in the interaction picture.

e Another special case is obtained when parametrizing the uy, and vg, by an orthogonal matrix

Ukqg = (ﬁq 6‘1) Akq ) Vg = (ﬂq ﬁ‘I) Akq , ; Akqu’q = 5kk’ (53)

with a;, € R and 3, € R. Direct insertion shows that the bosonic commutation relations are
automatically preserved under such a Bogoliubov transform.

In the general case, interpreting the coefficients as matrix elements uy, = (U)g, and vgy = (V)i
as elements of matrices, we can also write these relations as

vut-vvi=1, uv'-vUuT=o0. (5.4)

Now, arranging the U and V' matrices in an enlarged matrix

Ut vt Uu v
W:(VT UT>’ WT:<V* U*), (5.5)

where AT denotes the transpose of the matrix A, we see that we can encode the conditions (5.4)
— or conjugate (transposes) thereof — into a single relation on the matrix W

WT(_Ol *61)W—<_01 j:)l). (5.6)

Such matrices W are called symplectic, they have unit determinant and form a group under
matrix multiplication. Consequently, in general Bogoliubov transforms are symplectic transforms
of the creation and annihilation operators. Fortunately, even in the non-trivial cases, the symplectic
transform is not completely fixed, which gives us the freedom to recast the Hamiltonian into a
specific form.

Formally vectorizing the creation and annihilation operators, the Bogoliubov transform can
then be written as




Two-mode example

We consider a bosonic reservoir with just two modes that is coupled via the dimensionless operator
S = ST to some arbitrary system Hg

A A A A
H=Hg+w {a} + —IS} {al + W—IS} + Wo {ag + W—QS} |:CL2 + —25}
1

2 %)

w1 W2

A2 /\2
= Hg + ( ) 5% 4+ S[i(ar + Ch) + Aa(az + a2)} + W1a1a1 + w2a2a2 (5.8)

This Hamiltonian has a lower bound for all values of the couplings \;, provided that w; > 0 and
Hg has a lower bound. If Hg = wa'a and S = aa + a*a’ were bosonic and the full Hamiltonian
H was at most quadratic, one could use a general three-mode Bogoliubov transform to write it as
a sum of non-interacting modes H = rozr)co + Qlc];cl + QQC;CQ. However, we want to generalize
later-on to infinite-size systems, where this approach cannot be applied and, additionally, Hg need
not be a bosonic operator in general.

We therefore use the two-mode Bogoliubov transform

a) = (51 61) Apiby + = (52 ﬁ2) Ai2by
1/ar B o o Py
a9 — % (% + 5 ) A21b1 + — (52 BQ) Aggbg

+3 ! (% - é) /\215T (% 52) A22b (5.9)

51 (%) 52 (&%)

and likewise for the creation operators. By construction, this transform preserves the bosonic
commutation relations. The unknown parameters hidden in the orthogonal matrix Ay, can be
fixed by demanding that the Hamiltonian after the transformation does not include couplings
between Hg and the second transformed mode. In particular, with

A= ( Ao Ay ) L (5.10)

+roa  Aon ) /N2 4+ \202

we see that

V2ot + A3
ﬁl 205 (by +bl), (5.11)

such that the coupling is now only between Hg and the first transformed mode. However, this
does not decouple the second transformed mode, since by inserting the same transformation into
the term wlaial +w2a£a2, we will automatically generate an interaction between the modes: Since
the transformation is linear, the resulting operator will again be at most quadratic between the
annihilation and creation operators. In principle, this may also generate terms like b? and b3, but
we still have the freedom to choose the «; and [; to prevent the generation of such terms.

Ai(ar + a]i) + Ao(ag + ag) =

e For example, by choosing o; = §; = 1, the Bogoliubov transform becomes a unitary transform
that does not mix between creation and annihilation operators, which allows to write

wialar + waabas = Eo + Qbiby + Qablbs + As (bTb2 + bTbl) , (5.12)
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Figure 5.1: Effect of the two-mode Bogoliubov
transform. The system (orange) coupled initially
A A to two a modes via couplings \; and A, is after the
1L~ 2 . .

o ,) transformation coupled only to the b; mode via
g A1, which is then coupled to the by mode via As.
Strong-coupling effects can be treated by treating

Hg and the b; mode explicitly.

'
©

where the new frequencies €); and the residual coupling A, are functions of the \; and w;, see
Fig. 5.1. Interestingly, after the mapping the residual interaction between modes b; and by
preserves the quasiparticle number. Since we can identify

Ay Afaf + Ma3 /b, (5.13)

we see that in the strong-coupling limit \; — oo, the system-reaction coordinate coupling will
also diverge A; — oo. However, the matrix elements of the orthogonal matrix A will remain
finite also in this limit, since its entries are normalized. Therefore, the residual coupling A,
will remain finite.

e Other choices of a; and ; lead to decompositions of the form
wlaial —+ w2a2a2 E(] -+ Q bTbl -+ QQbTbQ -+ AQ(bl -+ bT)(bQ -+ bT) (514)

which leads to the same situation as in Fig. 5.1, but various combinations may be used. In
any case, the coupling Ay need not diverge as \; — oo, as the transformation needs to respect
the bosonic commutation relations.

If more modes are involved, the transformations become larger, such that to find the suitable
mapping transform, larger algebraic problems have to be solved. In particular, for an infinite size
reservoir, one will have to resort to other means of finding the suitable transformation.

Derivation of the mapping

We postulate the equivalence of the following Hamiltonians. First, we have

t t
H=Hg+ E Wk (aL—i——kS> <ak—|——kS>
A Wi Wi
t2
= (HS + E W—IZSQ) + S E tk ((lk + (lz) + E wkazak, (515)
k k k

where Hg = H; is an arbitrary system Hamiltonian with a lower spectral bound and S = ST is an
arbitrary dimensionless system operator that couples the system to a bath of harmonic oscillators
with spontaneous emission/absorbtion amplitudes ¢, and energies wy. Note that we have absorbed
any phase in the bosonic operators and thereby assume ¢, € R. These amplitudes enter the original
spectral function as before

JO(w) = 27r2|tk| 8w — wy) - (5.16)



Figure 5.2: Sketch of the reaction-coordinate
mapping. The original star-shaped interaction is
transformed into a setup where the system cou-
ples to the reaction-coordinate, which then cou- Q»%
ples to all the modes of the residual reservoir. The

magnitude of .J(*)(w) only maps to the magnitude

of g, such that arbitrarily strong couplings can be —
treated, provided JM(w) admits a perturbative

treatment. Recursive application of the mapping
leads to a chain representation of the reservoir. J O (w)

Obviously, the Hamiltonian also has a lower spectral bound.
Second, we say that (up to a possible shift)

H = Hg+Q (b* Qos) (b+— )+Z§2k <b*+—(b+b*)) (bk+%(b+lﬂ)>

k
= Hg + Qob'b+ gS(b+bT) + Q—S2 +) Q—’“(b +O2 (001D I (bk + b,i) + ) Qublby,
0 Kk ok k k
(5.17)

where b denotes a reaction coordinate (RC) and the by residual reservoir modes. The re-
action coordinate has energy €2y and is coupled to the original system via the coupling constant
g. The coupling between the reaction coordinate and the residual reservoir is described by the hy

amplitudes, and treating these perturbatively it is useful to define the residual spectral function
via

TD(w) =21 |hil6(w — ). (5.18)

The intended mapping is visualized in Fig. 5.2.
The mapping shall be achieved by means of a Bogoliubov transform

ap = ukob + Z ukqbq + UkobT + Z ’qub:g (519)

g1 q=>1

and similar for the creation operator. To maintain the bosonic character of the new modes, the
coefficients uy, and vy, have to obey the relations

0= Z (UkgUhrg — VkqUirg)

q

5kk/ = Z (quuz/q - qu’UZ/q) . (520)

q

This is automatically obeyed when we choose them via

1 [ W /Qq o 1 [ Wk /Qq
2 ( Qq -+ Wk> Akq, qu = 2 ( Qq O Akq, (521)
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with the unknown orthogonality transformation A obeying

ZAkqu/q = O - (5.22)

Here, ¢ = 0 maps to the annihilation and creation operators of the RC.

Energy and coupling strength of the RC Inserting the transformation and comparing the

terms linear in .S yields that the first column of the orthogonal transformation has to be chosen as
Ao = %’“ ;"2—’; and the other ones just orthogonal. Since every row of the orthogonal transformation
needs to be normalized Y, AZ, = 1, we readily obtain the coupling strength to the RC

! /OO wJO(w)dw . (5.23)

B 21 g%

Comparing the terms quadratic in S yields the relation

2 1 oo J(O)
9 @)

— = — 5.24
QO 27T 0 W ( )
Furthermore, the terms with b'b yield
1 0
Qo = o wJO(w)dw . (5.25)

The first and the last of these equations are just the same, and combining the first and the second
we can deduce energy and coupling strength of the RC

X wJO(w)dw 1 o0
QQ _ fO w 2 _ / (0) dw . 92
0 fooo J(OZJ(UJ) dw ) g 27_(_90 0 wJ (w) w (5 6)

This is slightly different from the mapping that arises without a manifest lower spectral bound [1].
We remark that J©(w), A, and g all have dimensions of energy. Furthermore, by comparing the
terms with (b + b')? we already get a relation between original and transformed spectral densities

7 I S [ - 2

which however is unfortunately not explicit.

Mapping of the spectral function We first consider the Heisenberg equations of motion for
an arbitrary system observable A = et Ae~ ! which become A = et![H Agle ! in the
original picture, i.e., based on Eq. (5.15). Specifically, we get (bold symbols denote the Heisenberg
picture)

A — IS]_ + 152 Ztk(ak + CLL) )
k

dk = —iwkak - ltkS

ak = +1wkak + ltkS (528)



with
S +1Ht H + Z k 52 71Ht
Sy = e[S, A] —le. (5.29)
Next, we perform an FT with the convention that &z > 0
z) = / Acetdt (5.30)

This will convert the equations into algebraic ones — we use an overbar do denote the transformed
creation operator and use the convolution theorem

izA(z) =151(2) + o /dz Sy(z Ztk ar(z — 2') +ap(z — 2],

iZCLk(Z) = —iwkak(z) - ltkS(Z) y
iz (2) = Hwplr(z) + it S(2) (5.31)

of which we can eliminate the last two and insert it in the first, yielding

—wp z—2Z +wy

1 1 1
zA(2) = S1(2) + o /dz'Sg(Z') ;tz [z — - ] S(z—2") (5.32)
Now, we do the same as before, but in the transformed picture based on (5.17), where the
Heisenberg equations become
A =i8; +iSy9(b+ bl),

. h?
b= —iQeb —igS — 21y _ Q—k(b +b1) =1 (b +BL) .
K Ok k

h2
bt = +iQob" +igS + 21 ) :Q—’“(b +bY) +1> (b +B) .
k
k

k
b = —ihy(b+ bl) — iQby, ,
bl = +ihu(b + bl) +ib] . (5.33)

We proceed as before: We Fourier-transform all equations

2zA(z) = S1(2) + % / So(2)g[b(z — 2') + b(z — 2")])d2’,

2b(z) = —Qob(z) — gS(z) — 2 Z h—i[b(z) +b(2)] — Z hi[be(2) + bi(2)],
B b2) 4 5]+ 3 helbn(z) + B(2)].

(2)] + Qbi(2) (5.34)
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then eliminate

—hy, - - +hy -

SO b(z) + ), belz) = — o [b(2) + b(z)] , (5.35)

and then successively b(z) — b(z), yielding an equation for b(z) + b(z)

Z Q- Z Z i Q’“ b(z) +b(2)] = 2¢5(z). (5.36)

Inserting this in the first equation yields

2A(2) = Si(2) + L / So()[b(z — 2') + b(z — 2')]d’

2m
2g 1

= 51(2) + —/Sz(z’) ——| S(z—2)dz’. (5.37)
2 G -4y, ay, i

Finally, we can compare Eq. (5.32) and Eq. (5.37), which yields a relation between the spectral
densities

2

, 1 1 2g
k k k —Q Qo — 4Zk o — 42 T

Going to the continuum limit then implies

1 JOww o 2g?
/O e S (5.39)

T z— 2% —w? %_Qo_i 0 JWW) g, 4 oo JDww g

2m JO w w 2 JO  (2—2")%2—w?

Introducing the Cauchy transform of an odd function J(w) via

W(z)—z/()oo “‘](“)dw—lfm RICONYS (5.40)

T w? — 22 T w —z

—00

we see that it has the appealing property

+o00 / / +oo ! I 3
J(w")dw ~ lim l/ J(W') [w w—i-le]dw,

W—w—ie ot o (W —w)?+ e

1
W(w+i0") = lim —/

e—0t T —o0
1 /

= —P / @dwwu(w), (5.41)
m w — W

where we have used a representation of the Dirac-Delta function and P denotes the Cauchy prin-
cipal value. Computing the Cauchy transform of both spectral functions we can write Eq. (5.39)
as

o 2oy 2 2° (5.42)
2 (G LYo W B S S L C) P £ 7 (2 — ')

QO T JO w
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Rearranging this for W) (z—2/) and evaluating at z— 2’ = w+i0" eventually yields the sought-after
relation between the spectral functions
492J (0)( )
5 .

JW(w) = (5.43)

To summarize, the mapping between Hamiltonians (5.15) and (5.17) is realized by the phonon
mapping.

Def. 2 (phonon mapping). The phonon-form of the reaction coordinate mapping for Hamiltonians
with lower spectral bound is realized by the transformations for reaction coordinate energy €,
coupling strength g, and residual spectral function JN(w), that are fully defined by the original
spectral function

> wJO(w)d I
Qg _ fO w (CU) W ’ 92 _ / (JJJ(O)(CU)dw,
0

T () = = al) , (5.44)
[1Pf J( )(wl)d /} X [J(O)(w)]2
where the analytic continuation J©(—w) = —J© (w) is understood.

e The first observation is that if we rescale the original spectral function by a factor o, ¢
will scale proportional to a as well, such that this factor o will cancel in the numerator and
denominator. Thereby, the ultrastrong coupling limit in the original frame o — oo will have
absolutely no effect on the coupling strength to the residual reservoir. Rather, the coupling
strength to the residual reservoir will depend on the shape of the original spectral function.

e By redefining S = (b + b') in Eq. (5.17) and absorbing the reaction coordinate terms into
Hg, we see that the form of (5.15) is fully reproduced, such that the mapping transformation
can be iterated recursively, until one of the involved integrals diverges. For the recursive
application, the above definition can be used with simply replacing J@(w) — J™(w) and
JD(w) = JrD(w).

e Finally, for spectral functions that have a finite support, i.e., which are non-vanishing only
inside a region w € [0,wy,], one can show that the mapping transformations lead to the
limiting spectral function [2]

J(w) =w|1— :j—@(w? — W), (5.45)

known as Rubin spectral function. Direct insertion into the mapping relation shows that
it reproduces itself under the mapping. The observation that it has a maximum at w,,/ V2
of height w,, /2 shows that for large w,,, the limiting spectral function need not be small. In
such cases, it is better to split the initial spectral function into intervals of small width w,,
and then apply such mappings to each interval individually.




5.3. COLLECTIVE COORDINATE MAPPINGS 11

Benchmark: Spin-boson model

We consider a single-reservoir scenario with

w . th o t t
H = 50’ —F;w—ks + S;tk (ak +ak> + ;wkakak, (546)

where S = ¢* can implement either the exactly solvable pure-dephasing limit and S = ¢” would be
a dissipative spin-boson model. Since in these cases S? = 1, the renormalization term corresponds
to a trivial shift. To compare with an available exact solution, we will consider the pure-dephasing
limit S = ¢* here, but the method is applicable more generally. As an example, the original
spectral function shall be

wo”

(O)CL):T(' k2 W — Wg) = .
TOw) = 20 38 =) = P (5.47)

where I' denotes an overall coupling strength, and for ¢ > § > 0 the parameter ¢ describes
roughly the position of the maximum and ¢ roughly the width around the maximum. All these
parameters have dimension of energy. This special spectral function is chosen to perform the
mapping analytically.

Accordingly, the transformed model reads

H= goz + Qo (bT + Q_OS) (b + —S) Z Qi (bT + b+ bT)> <bk + g(b + bT)) , (5.48)

k

where the energy of the RC and the coupling strength become

82 + %) [6\/502 + ¢2
-0t g = o (5.49)
502 + €2 64 (62 + €2)
The mapping transformation can be computed explicitly, where the transformed spectral function
becomes ohmic

16wd3v/502 + €2

1)
T = e e s o

(5.50)

which does not depend on the coupling strength I' (demonstrating that it can be chosen arbitrar-
ily large). With introducing the supersystem renormalization (for the chosen spectral function,
everything converges)

oo J(l)(w)
Qo-A= Z o 27/ —dw, (5.51)

we can identify a new decomposition into supersystem Hg and residual reservoir Hy via H =
Hy+ Hp + Hj with

Hy="6" 100 (b0 + L5) (0+L8) +QAb+0)?,
2 Q Qo

Hp=0+6) ) hlbs+b)),  Hp=) Qublb, (5.52)
k k
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for which we can derive and solve a master equation in the usual way. For the sake of simplicity
we will not bother to derive a Lindblad master equation but will simply use the Redfield master
equation, but now for the supersystem

p=—i[Hy, ] - /0 ") (b 81), e 57 (b + )57 p(1)] e
- /0 T o [p(t)e—iH’sf(b 4 heHHST (h 4 bT)} dr . (5.53)

Here, C(7) is the correlation function for the residual bath

- %/ Tw)e™dw = % / T @)L+ np(w)]e ™ dw, (5.54)

C(7)
which under the assumption of weak residual coupling (for which we have derived the master
equation) is still approximately in a thermal state with the same temperature. The half-sided
Fourier transform can be performed by finding the eigenbasis of the supersystem Hamiltonian
Hglad') = E! |a’), such that

/ C(r)e 5 (b + b)) Hsmdr = S (| (b + bT) V) / O(r)e BB ar |/ V(| . (5.55)
0

ab 0

Now, the remaining half-sided integral can be evaluated via

o0 e , e , 1 ol ’ 1
/ C(r)e BT qr = /@(T)C(T)e+l(Eb‘Ea)TdT = /dwv(w) {Q—/dreﬂ(Eb_E“_w)Té[l + sgn(7)]
0

™

WE—E) / V(w) (B, — E)
— a _ dw ~ a 5.56
2 * 27T73 E,—-E —w 2 (5.56)
where in the last equality sign we have neglected the Lamb shift. The dissipator can then be
established numerically, after obtaining the eigenbasis of Hy.
The solution for the supersystem p(t) then allows to compute observables such as the absolute
value of coherences

] = |5 (0 +i0")p(0)}] (557

which can be directly compared with the exact solution that we derived previously. Likewise, we
had established that due to global energy conservation, the energy radiated into the reservoir must
stem from the interaction

k k

where the last expression is now accessible within the master equation formulation of the supersys-
tem and can be compared with the exact solution for the current obtained from the time derivative
of of the reservoir energy, provided the supersystem is initialized as

o~ P9 [bfb+A(b+b1)?]

Po = Pg ® ) (559>

Zre
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[|— RC solution N =20

RC solution N =10

N e o e Figure 5.3: Evolution of coherences in the pure-

’ \ g 0 j,"“ \ { dephasing spin boson model and energy radi-
04\ 2o\ ; ated into the reservoir versus dimensionless time.
z | “ ;0 0 *\\/‘/y/- { Whereas the naive master equation for the single
o 03F \\ 8 -10j %4 1 7 spin predicts simple exponential decay and a van-
g [ ‘\\ 20 ] ishing energy current (orange dashed), treatment
é 02} spin ME solution of the supersystem (solid curves) approximates
S T peen the exact solution (bold dashed black) much bet-

ter, depending on the bosonic cutoff chosen. To
compute the currents (inset) more accurately, fur-
ok ﬁ_- ——Z _r_i_ r_j_ ther mappings would be necessary. Parameters:

0 02 ' T8 =10000, 08 =1, €8 =2, wfB = 1.

dlmensmnless tlme ot

0.1
r RC solution N =40

[ | = — exact iolutlon

where the first factor is the initial state of the spin (including e.g. coherences) and the second
part comes from the reduced thermal state of the reaction coordinate. The result is depicted in
Fig. 5.3. One can see that the transient evolution of coherences is extremely well captured with the
RC approach. By further increasing the bosonic cutoff N., the solution well approaches the exact
one. The total radiated current however dows not yet approximate the exact solution well (even for
N, — o0), which roots in the Markovian approximation applied to the supersystem (§5 ~ 1 does
not fully justify a Markovian treatment). The bottom-line is that a time-local (and in this sense
Markovian) treatment of the supersystem includes non-Markovian effects in the original system.

5.3.2 Fermionic reaction-coordinate mappings

As for bosonic systems, similar Bogoliubov transforms exist for fermionic systems. The only
difference is that they preserve the fermionic anticommutation relations.

Fermionic Bogoliubov transforms

Def. 3 (Fermionic Bogoliubov transform). A fermionic Bogoliubov transform is a linear mapping
between fermionic annihilation and creation operators, which preserves the corresponding fermionic
anticommutation relations

{cka C]Tc’} = Okt »

{dk; dL} = Ok

{Ckack’} = 07

Cr = Z [trgdy + vrgd]] {dk,dp} =0, (5.60)

q

where Ugq, Vig € C.

In analogy to the bosonic case, the constraints that the coefficients uy, and vy, have to obey can
be written as

Z (ukqu}z,q + quv,t,q) = Opps » Z (UkgUirg + Vkquprg) =0, (5.61)

q q
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or in matrix notation
vut+vvi=1, UvT+vUT=0. (5.62)

In the following, we will only treat the case of particle-conserving interactions (relevant e.g. for
electronic tunneling), such that when we consider just V' = 0, again U just needs to be a unitary
transformation to obey the preservation of the anticommutation relations. Another simplification
is that we will not bother to write the Hamiltonian in a manifestly positive form, since for fermions
the spectrum is always bounded from below.

Two-mode example
Consider the fermionic Hamiltonian
H=Hg+ (tlchl + t*{c{d) + (tngcg + tzcgd) + 510101 + 52c§c2 , (5.63)

where Hg may contain arbitrary interactions and d is an operator in the system. A unitary
Bogoliubov transform of the reservoir modes only

c1 = undy + ujeds , Cy = Ug1dy + Ugadsy, (5.64)

and analogous for the creation operators can now be chosen to achieve an effective decoupling of
the system and the second mode d,. Inserting this transformation

H = HS + [dT(tluH + th21)d1 + dT(tl'U,lz + t2U22>d2 + hC]
+ &1 (u*{ldi + ’U/TZC@) (ulldl + U12d2) + E9 (U;ldi + USng) (u21d1 + u22d2) s (565)

and we see that by fulfilling (t;u12 + tauge) = 0 we can achieve a decoupling of the system and the
second mode. This is for example implemented by the choice

1 +t7 —t2
U= ——— ! , 5.66
/|t1‘2 + ’t2’2 ( +t§ +t1 ) ( )

which eventually yields

e1lt1]? + ealto]? e1lta] + ealty]?
H=Hgs+ |\/|t.]* + [t ddy + hoc.| + il + ealts didy + iffo] +ealty] did,

—_—— R [t + [ta]” B R [t]” + |ta]”
" o s
thts ;
m(&'g — 81) d1d2 -+ h.c. s (567)
T

which has the same interpretation as Fig. 5.1 with the appropriately renamed parameters. As
before, we see that as t; — oo, only T; diverges, whereas ¢; and also 75 remain finite. Therefore,
an explicit treatment of only the first mode allows for a perturbative treatment also in the strong-
coupling limit.
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Derivation of the mapping

We postulate the equivalence of the Hamiltonians

H=Hs+ thZcL —f Ztkck + Z ekc,tck
k k k
= Hs + Aed' = Ald +edid+d > Tpdf —d Y Tedp + Y erdidy. (5.68)
k k k

In the first one, t; gives rise to the original spectral function

(W) = QWZ Ite|*0(w — €r) (5.69)

and in the second Hamiltonian, A\ and e denote coupling and energy of the reaction coordinate,
respectively. Also, the amplitudes T}, and energies € define the residual spectral function

TO(w) =21 ) [T *0(w — &) - (5.70)

Thus, the difference to the bosonic case is that no extra term is required to grant the existence
of a lower bound and also that the spectral functions can be defined also for negative frequencies,
such that no analytic continuation is necessary. The transformation shall be implemented by a
unitary variant of the Bogoliubov transform

= upgd,, (5.71)
q
and specifically we identify dy = d as the reaction coordinate.
Energy and coupling strength Thereby, it has to hold that

A=Y trep, A= Ztkck (5.72)
k

and similar for the conjugate transpose, such that by computing e.g. the anticommutator of the
two terms above we get the relation

=> |l (5.73)
k

which defines the coupling strength of the reaction coordinate. Solving for d, we get

d= Z —Ci = Z []Jr [)ka Zukock — Uko = % . (574)

Finally, the term that generates the energy of the reaction coordinate must generate from the
reservoir Hamiltonian, such that

t 2
edid =) " exlupld’d = ek%de. (5.75)
k k
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This yields the energy of the reaction coordinate

(5.76)

In the continuum limit, we can get the coupling and energy from integrals over the complete
energies
1
M =_— [ TOWw)dw, €= /wF(O)(w)dw. (5.77)

o

Mapping of the spectral function To find the mapping relation for the spectral function,
we set up the Heisenberg equations of motion for both realizations of the total Hamiltonian. For
simplicity, we only consider the Heisenberg equations for the creation and annihilation operators
(in principle, any observable can be constructed from these). In the original representation, they
become

¢=i[Hg,c] +1> tpep =iS(t) +1Y trer,  é = itpe —iepey,, (5.78)
k k

and similarly for the creation operators. Since at this level they do not mix, we consider only the
annihilation operators. Fourier-transformation yields

ze(z) = S(2) + Z trep(2) zep(z) = tre(z) — eper(2) (5.79)
K
Eliminating the second equation then gives
t
ze(z) = S1(z) + Z ic(z) . (5.80)
k

In contrast, the mapped representation yields
¢=1S(t) +iNd,  d=—-ic—ied+1Y» Tidp,  dp=iT}d — iepdy . (5.81)
k
Fourier-transforming and eliminating the non-system variables then gives
)\2
|T5 >
z+e— Zk szek

ze(z) = S(z) — c(z), (5.82)

and from comparison we get the relation

. A2
> =— 7 (5.83)

P AT Zte—2

24e€g

Converting the sums to integrals and evaluating at 2 = —w+1d when § — 0™ we obtain a mapping
relation between the fermionic spectral functions just as before.
Summarizing, we obtain the fermionic particle mapping.
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Def. 4 (Fermionic particle mapping). The particle form of the reaction-coordinate mapping for
fermionic tunneling Hamiltonians provides the reaction coordinate coupling X\, the energy €, and
the residual spectral function T'M(w)

1

" or

)\2

1
0 0
¢ )(w)dw, £ = Y /wF( )(w)dw,

4ANTO) (w)
0 ’ 2 ’
[%Pf %dw’] + [F(O)(w)]2

T (w) = (5.84)

e As before, the transformed specral density remains invariant under trivial rescalings of the
original one.

e As before, the mapping can be performed recursively.

e For spectral functions with a finite support, i.e., nonvanishing ones in the interval w €
[e — 6, € + d], the mapping converges to a semicircle-shaped spectral density

[(w) = 5\/1 - (“’ - €>2@(52 —(w—e)?). (5.85)

This has a maximum of  at w = ¢, which demonstrates that a master equation may just
not be applicable for large §. In such cases, it is better to split the support of the spectral
function into small intervals and perform the mapping individually for each interval.

Benchmark: Single-electron transistor

We consider the SET

H=edd+Y Y [ek,,c,tyc,w + (trwdtor, + h.c.)} (5.86)
v k

with two leads v € {L, R} described by Lorentzian spectral densities

62

PErA TR (5.87)

IO (w) =21 [t |*0(w — ) =T
k

where o € {L, R} denotes the lead, T',, the coupling strength, d, the width, and €, the frequency
with the strongest coupling. The wideband limit is implemented with ¢, — oo.

Introducing a separate reaction coordinate for each reservoir, the model is transformed into a
triple quantum dot (TQD) structure

H=Hp+Y Y [e,wdgyd,w + (Thddyy + h.c.)} ,
v k

Hrop = e1dydy + ed'd + epdlydr + (\pdidy, + Agd'dg + h.c.) | (5.88)
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where the coupling strengths and energies of the RC, respectively, become

o,
2 Y

A = €y =€y. (5.89)
Here, for the computation of the RC energy one can actually use symmetry arguments or use the
principal value as otherwise the integral is not convergent. The computation of the principal value
integral yields

F,(/O) / Fl(/o) / 1 Fgo) /
73/ G )dw’ = 271 | Resy/—c 15& + —Resy/—y ()
/ vt / /
w—w w— 2 w—w
w0, (w—€,)
=__rvi- v 5.90
(w—€,)2 4062’ (5.90)
which eventually allows to compute the residual spectral density
IM(w) =21 " |Tio|*0(w — er) = 26, (5.91)
k

which is just flat. An additional transformation could not be performed here, since the spectral
densities would just diverge. We can now solve the model with various approaches.

e First, since the model is exactly solvable, we can use e.g. nonequilibrium Greens functions
or the Laplace transform method (without invoking the wideband limit on the single dot or
applying it to the TQD) to obtain an exact solution for the stationary currents in terms of
a Landauer representation

1
=g / QT (@) f1(w) — Fr(w)]dw, (5.92)
where the transmission becomes

F(O) (w)l“(o) (w)

T(w) = rO e r®@w) 13 10w r@wy]?
i [

(5.93)

2

e Second, we can use the naive master equation for the SET as discussed explicitly before.
From this, we know that the current I, will scale linarly with the coupling strength if
symmetrically coupled I';, = I'y.

e Third, we can derive the Pauli rate equations for the resulting triple-dot system, which are
sometimes referred to as global Lindblad equations, since their Lindblad operators are ex-
pressable by the energy eigenbasis of the TQD. Without coherences in the energy eigenbasis,
this will correspond to a classical stochastic process switching between the energy eigenstates
of the TQD (which can for our example actually be analytically calculated). This master
equation is globally of Lindblad form, and therefore the dynamics will be contractive (or
Markovian), such that the TQD density matrix will always approach its steady state as en-
forced by Spohn’s inequality. However, the dynamics of the central dot alone does not follow
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a master equation and may be non-Markovian. The reduced density matrix of the central
dot is always diagonal

pelt) = ( 1 —(f)’l(t) Pﬁf) ) , (5.94)

and is thereby fully determined by the probability of the central dot being occupied P (t) =
Tr {de,o(t)}. Likewise its stationary limit is given by P, = Tr {deﬁ}, such that the trace
distance between the single-electron density matrix and its stationary limit 7'(p.(t), p.) =
|P1 () — ]51’ or likewise the quantum relative entropy between these states may actually
temporarily increase. This hallmarks a non-Markovian effect, demonstrating that the TQD
Lindblad equation provides a Markovian embedding for a non-Markovian evolution of the
central dot.

e Fourth, we can use the nonsecular Redfield master equation for the triple quantum dot,
which is not of Lindblad form but will approximately preserve the density matrix properties
when applied within its range of validity (weak residual coupling 3,0, < 1). In this case, a
temporarily increasing trace distance to the stationary state may already be observed in the
supersystem.

e Fifth, since the mapping to the triple quantum dot picture does not require the strong-
coupling limit, we can also compare with the case where the internal amplitudes A, and
the residual amplitudes T}, are of the same order by defining the transformation to the
interaction picture differently. This results in a local Lindblad master equation [3] for the
triple quantum dot

p=—i[Hrgp, p|

+ TPl = fulen)]|dupd] — 5 {dhanip}| + 100 uter) [ dhpds — 5 {anal o)

{dhdn, p}] + Ty (cx) faler) {dkde — 5 { p}} ,
(5.95)

N —

+ﬁ%@m—mwm@w@—

where the coupling between the left and right dots is only mediated by the triple dot Hamil-
tonian HTQ D-

The results of these considerations are shown in Fig. 5.4. One can see that a single Lindblad
approach — at least of the forms mentioned — is not able to capture the behaviour of the exact
solution for all coupling strengths, whereas the Redfield master equation, despite not obeying the
Lindblad form, captures its features much better over a wide range of parameters. Nevertheless,
for particular regimes suitable Lindblad descriptions exist.
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Figure 5.4: Plot of the matter current ver-
sus dimensionless coupling strength at a fixed
non-equilibrium scenario. Lindblad approaches
(green, black, orange) capture the exact solu-
tion (red) only in suitable regimes, whereas the
Redfield master equation (light dashed blue and
solid blue) recover the exact solution over vari-
ous orders. In particular the naive SET Lindblad
(green) captures only the weak-coupling regime.
In contrast, the failure of the BMS for the TQD
(black) fails at weak coupling since the secu-
lar approximation is not applicable. Parameters:
'y =Tgr=T,Bre=Pre=1, uy = +¢, ur = —¢,
(SL = (SR = 0.16, €], — €ER = €.

matter current [€]

0.04 T

— eXact
——— BMS (naive Lindblad)
—— RC+BM (with Lamb shift)
0.03 RC+BM (no Lamb shift)
—— RC+BMS (global Lindblad)

RC+BM (local Lindblad)

0.02 —

0.01—

10" 10 10° 10" 10” 10’ 10°
dimensionless coupling strength BI”
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