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5.3 Collective coordinate mappings

Suppose the total Hamiltonian of the universe has the structure of a (possibly semi-infinite) chain,
with the system located at the end. To infer the dynamics of the system, i.e., the first (few) site(s),
we could derive the master equation for it, which heavily depends on the spectral function of the
chain reservoir. To improve the validity of the master equation, we can extend the system by
shifting the boundary between system and reservoir along the chain and then compute the master
equation for the extended system. Setting up the master equation will require the computation
of the spectral function of the residual reservoir, and solving it will require more resources as the
system has become larger with this procedure.

In case a chain structure is not provided, i.e., if one starts from a star configuration, one may
always reconstruct at least a partial chain structure: A single collective coordinate may then be
incorporated into the system, taking the impact of the reservoir into account.

5.3.1 Bosonic mappings

Bosonic Bogoliubov transforms

In a nutshell, Bogoliubov transforms (compare lecture on Advanced Mathematical Methods) map
bosonic (or fermionic) creation and annihilation operators to new bosonic (or fermionic) creation
and annihilation operators while leaving their (anti-)commutation relations invariant.

Def. 1 (Bosonic Bogoliubov transform). A bosonic Bogoliubov transform is a linear mapping
between bosonic annihilation and creation operators, which preserves the corresponding bosonic
commutation relations [

ak, a
†
k′

]
= δkk′ , [ak, ak′ ] = 0 ,

ak =
∑
q

[
ukqbq + vkqb

†
q

]
,

[
bk, b

†
k′

]
= δkk′ , [bk, bk′ ] = 0 , (5.1)

where ukq, vkq ∈ C.

The demand that the commutation relations must be preserved puts additional constraints on
the a priori unknown coefficients ukq and vkq. For example, from the commutation relations we
obtain the conditions [

ak, a
†
k′

]
=
∑
q

(
ukqu

∗
k′q − vkqv∗k′q

)
= δkk′ ,

[ak, ak′ ] =
∑
q

(ukqvk′q − vkquk′q) = 0 , (5.2)

where we note that the equation
[
a†k, a

†
k′

]
= 0 just adds the conjugate of the second constraint.

� A simple but special solution to these equations is to choose vkk′ = 0. Then, creation and
annihilation operators are not mixed, the second of Eq. (5.2) is trivially fulfilled, and the
first reduces to a unitarity condition

∑
q ukqu

∗
k′q = δkk′ on the matrix formed by the ukq.
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In this case, the Bogoliubov transform therefore reduces to a unitary transform between
annihilation operators. An even more trivial example of unitary Bogoliubov transforms is
the multiplication of the creation and annihilation operators by a phase factor (absence of
any mixing): When discussing operator transforms, we noted that time-dependent phase
factors would e.g. arise in the interaction picture.

� Another special case is obtained when parametrizing the ukq and vkq by an orthogonal matrix

ukq =
1

2

(
αk
βq

+
βq
αk

)
Λkq , vkq =

1

2

(
αk
βq

+
βq
αk

)
Λkq ,

∑
q

ΛkqΛk′q = δkk′ (5.3)

with αk ∈ R and βq ∈ R. Direct insertion shows that the bosonic commutation relations are
automatically preserved under such a Bogoliubov transform.

In the general case, interpreting the coefficients as matrix elements ukq = (U)kq and vkq = (V )kq
as elements of matrices, we can also write these relations as

UU † − V V † = 1 , UV T − V UT = 0 . (5.4)

Now, arranging the U and V matrices in an enlarged matrix

W =

(
UT V †

V T U †

)
, WT =

(
U V
V ∗ U∗

)
, (5.5)

where AT denotes the transpose of the matrix A, we see that we can encode the conditions (5.4)
– or conjugate (transposes) thereof – into a single relation on the matrix W

WT

(
0 +1
−1 0

)
W =

(
0 +1
−1 0

)
. (5.6)

Such matrices W are called symplectic, they have unit determinant and form a group under
matrix multiplication. Consequently, in general Bogoliubov transforms are symplectic transforms
of the creation and annihilation operators. Fortunately, even in the non-trivial cases, the symplectic
transform is not completely fixed, which gives us the freedom to recast the Hamiltonian into a
specific form.

Formally vectorizing the creation and annihilation operators, the Bogoliubov transform can
then be written as 

...
ak
...
...

a†k
...


=


U V

V ∗ U∗





...
bk
...
...

b†k
...


= WT



...
bk
...
...

b†k
...


. (5.7)
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Two-mode example

We consider a bosonic reservoir with just two modes that is coupled via the dimensionless operator
S = S† to some arbitrary system HS

H = HS + ω1

[
a†1 +

λ1

ω1

S

] [
a1 +

λ1

ω1

S

]
+ ω2

[
a†2 +

λ2

ω2

S

] [
a2 +

λ2

ω2

S

]
= HS +

(
λ2

1

ω1

+
λ2

2

ω2

)
S2 + S[λ1(a1 + a†1) + λ2(a2 + a†2)] + ω1a

†
1a1 + ω2a

†
2a2 . (5.8)

This Hamiltonian has a lower bound for all values of the couplings λi, provided that ωi > 0 and
HS has a lower bound. If HS = ωa†a and S = αa + α∗a† were bosonic and the full Hamiltonian
H was at most quadratic, one could use a general three-mode Bogoliubov transform to write it as
a sum of non-interacting modes H = Ω0c

†
0c0 + Ω1c

†
1c1 + Ω2c

†
2c2. However, we want to generalize

later-on to infinite-size systems, where this approach cannot be applied and, additionally, HS need
not be a bosonic operator in general.

We therefore use the two-mode Bogoliubov transform

a1 =
1

2

(
α1

β1

+
β1

α1

)
Λ11b1 +

1

2

(
α1

β2

+
β2

α1

)
Λ12b2

+
1

2

(
α1

β1

− β1

α1

)
Λ11b

†
1 +

1

2

(
α1

β2

− β2

α1

)
Λ12b

†
2 ,

a2 =
1

2

(
α2

β1

+
β1

α2

)
Λ21b1 +

1

2

(
α2

β2

+
β2

α2

)
Λ22b2

+
1

2

(
α2

β1

− β1

α2

)
Λ21b

†
1 +

1

2

(
α2

β2

− β2

α2

)
Λ22b

†
2 , (5.9)

and likewise for the creation operators. By construction, this transform preserves the bosonic
commutation relations. The unknown parameters hidden in the orthogonal matrix Λkq can be
fixed by demanding that the Hamiltonian after the transformation does not include couplings
between HS and the second transformed mode. In particular, with

Λ =

(
λ1α1 −λ2α2

+λ2α2 λ1α1

)
1√

λ2
1α

2
1 + λ2

2α
2
2

(5.10)

we see that

λ1(a1 + a†1) + λ2(a2 + a†2) =

√
λ2

1α
2
1 + λ2

2α
2
2

β1

(b1 + b†1) , (5.11)

such that the coupling is now only between HS and the first transformed mode. However, this
does not decouple the second transformed mode, since by inserting the same transformation into
the term ω1a

†
1a1 +ω2a

†
2a2, we will automatically generate an interaction between the modes: Since

the transformation is linear, the resulting operator will again be at most quadratic between the
annihilation and creation operators. In principle, this may also generate terms like b2

1 and b2
2, but

we still have the freedom to choose the αi and βi to prevent the generation of such terms.

� For example, by choosing αi = βi = 1, the Bogoliubov transform becomes a unitary transform
that does not mix between creation and annihilation operators, which allows to write

ω1a
†
1a1 + ω2a

†
2a2 = E0 + Ω1b

†
1b1 + Ω2b

†
2b2 + Λ2

(
b†1b2 + b†2b1

)
, (5.12)
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Figure 5.1: Effect of the two-mode Bogoliubov
transform. The system (orange) coupled initially
to two amodes via couplings λ1 and λ2 is after the
transformation coupled only to the b1 mode via
Λ1, which is then coupled to the b2 mode via Λ2.
Strong-coupling effects can be treated by treating
HS and the b1 mode explicitly.

where the new frequencies Ωi and the residual coupling Λ2 are functions of the λi and ωi, see
Fig. 5.1. Interestingly, after the mapping the residual interaction between modes b1 and b2

preserves the quasiparticle number. Since we can identify

Λ1 =
√
λ2

1α
2
1 + λ2

2α
2
2/β1 , (5.13)

we see that in the strong-coupling limit λi →∞, the system-reaction coordinate coupling will
also diverge Λ1 →∞. However, the matrix elements of the orthogonal matrix Λ will remain
finite also in this limit, since its entries are normalized. Therefore, the residual coupling Λ2

will remain finite.

� Other choices of αi and βi lead to decompositions of the form

ω1a
†
1a1 + ω2a

†
2a2 = E0 + Ω1b

†
1b1 + Ω2b

†
2b2 + Λ2(b1 + b†1)(b2 + b†2) , (5.14)

which leads to the same situation as in Fig. 5.1, but various combinations may be used. In
any case, the coupling Λ2 need not diverge as λi →∞, as the transformation needs to respect
the bosonic commutation relations.

If more modes are involved, the transformations become larger, such that to find the suitable
mapping transform, larger algebraic problems have to be solved. In particular, for an infinite size
reservoir, one will have to resort to other means of finding the suitable transformation.

Derivation of the mapping

We postulate the equivalence of the following Hamiltonians. First, we have

H = HS +
∑
k

ωk

(
a†k +

tk
ωk
S

)(
ak +

tk
ωk
S

)

=

(
HS +

∑
k

t2k
ωk
S2

)
+ S

∑
k

tk

(
ak + a†k

)
+
∑
k

ωka
†
kak , (5.15)

where HS = H†S is an arbitrary system Hamiltonian with a lower spectral bound and S = S† is an
arbitrary dimensionless system operator that couples the system to a bath of harmonic oscillators
with spontaneous emission/absorbtion amplitudes tk and energies ωk. Note that we have absorbed
any phase in the bosonic operators and thereby assume tk ∈ R. These amplitudes enter the original
spectral function as before

J (0)(ω) = 2π
∑
k

|tk|2δ(ω − ωk) . (5.16)
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Figure 5.2: Sketch of the reaction-coordinate
mapping. The original star-shaped interaction is
transformed into a setup where the system cou-
ples to the reaction-coordinate, which then cou-
ples to all the modes of the residual reservoir. The
magnitude of J (0)(ω) only maps to the magnitude
of g, such that arbitrarily strong couplings can be
treated, provided J (1)(ω) admits a perturbative
treatment. Recursive application of the mapping
leads to a chain representation of the reservoir.

Obviously, the Hamiltonian also has a lower spectral bound.
Second, we say that (up to a possible shift)

H = HS + Ω0

(
b† +

g

Ω0

S

)(
b+

g

Ω0

S

)
+
∑
k

Ωk

(
b†k +

hk
Ωk

(
b+ b†

))(
bk +

hk
Ωk

(
b+ b†

))
= HS + Ω0b

†b+ gS(b+ b†) +
g2

Ω0

S2 +
∑
k

h2
k

Ωk

(b+ b†)2 + (b+ b†)
∑
k

hk

(
bk + b†k

)
+
∑
k

Ωkb
†
kbk ,

(5.17)

where b denotes a reaction coordinate (RC) and the bk residual reservoir modes. The re-
action coordinate has energy Ω0 and is coupled to the original system via the coupling constant
g. The coupling between the reaction coordinate and the residual reservoir is described by the hk
amplitudes, and treating these perturbatively it is useful to define the residual spectral function
via

J (1)(ω) = 2π
∑
k

|hk|2δ(ω − Ωk) . (5.18)

The intended mapping is visualized in Fig. 5.2.
The mapping shall be achieved by means of a Bogoliubov transform

ak = uk0b+
∑
q≥1

ukqbq + vk0b
† +
∑
q≥1

vkqb
†
q (5.19)

and similar for the creation operator. To maintain the bosonic character of the new modes, the
coefficients ukq and vkq have to obey the relations

0 =
∑
q

(ukqvk′q − vkquk′q) ,

δkk′ =
∑
q

(
ukqu

∗
k′q − vkqv∗k′q

)
. (5.20)

This is automatically obeyed when we choose them via

ukq =
1

2

(√
ωk
Ωq

+

√
Ωq

ωk

)
Λkq , vkq =

1

2

(√
ωk
Ωq

−
√

Ωq

ωk

)
Λkq , (5.21)
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with the unknown orthogonality transformation Λ obeying∑
q

ΛkqΛk′q = δkk′ . (5.22)

Here, q = 0 maps to the annihilation and creation operators of the RC.

Energy and coupling strength of the RC Inserting the transformation and comparing the
terms linear in S yields that the first column of the orthogonal transformation has to be chosen as

Λk0 = tk
g

√
ωk
Ω0

and the other ones just orthogonal. Since every row of the orthogonal transformation

needs to be normalized
∑

k Λ2
k0 = 1, we readily obtain the coupling strength to the RC

1 =
1

2πg2Ω0

∫ ∞
0

ωJ (0)(ω)dω . (5.23)

Comparing the terms quadratic in S yields the relation

g2

Ω0

=
1

2π

∫ ∞
0

J (0)(ω)

ω
dω . (5.24)

Furthermore, the terms with b†b yield

Ω0 =
1

2πg2

∫ ∞
0

ωJ (0)(ω)dω . (5.25)

The first and the last of these equations are just the same, and combining the first and the second
we can deduce energy and coupling strength of the RC

Ω2
0 =

∫∞
0
ωJ (0)(ω)dω∫∞

0
J(0)(ω)
ω

dω
, g2 =

1

2πΩ0

∫ ∞
0

ωJ (0)(ω)dω . (5.26)

This is slightly different from the mapping that arises without a manifest lower spectral bound [1].
We remark that J (0)(ω), Λ, and g all have dimensions of energy. Furthermore, by comparing the
terms with (b+ b†)2 we already get a relation between original and transformed spectral densities

4g2

2π

∫
J (1)(ω)

ω
dω =

1

2πΩ2
0

∫ ∞
0

ω3J (0)(ω)dω − 1

2π

∫ ∞
0

ωJ (0)(ω)dω , (5.27)

which however is unfortunately not explicit.

Mapping of the spectral function We first consider the Heisenberg equations of motion for
an arbitrary system observable A = e+iHtAe−iHt, which become Ȧ = e+iHt[H,AS]e−iHt, in the
original picture, i.e., based on Eq. (5.15). Specifically, we get (bold symbols denote the Heisenberg
picture)

Ȧ = iS1 + iS2

∑
k

tk(ak + a†
k) ,

ȧk = −iωkak − itkS ,

ȧk
† = +iωka

†
k + itkS , (5.28)
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with

S1 = e+iHt

[
HS +

∑
k

t2k
ωk
S2, A

]
e−iHt ,

S2 = e+iHt [S,A] e−iHt . (5.29)

Next, we perform an FT with the convention that =z ≥ 0

A(z) =

∫
Ae+iztdt . (5.30)

This will convert the equations into algebraic ones – we use an overbar do denote the transformed
creation operator and use the convolution theorem

izA(z) = iS1(z) +
i

2π

∫
dz′S2(z′)

∑
k

tk [ak(z − z′) + c̄k(z − z′)] ,

izak(z) = −iωkak(z)− itkS(z) ,

izc̄k(z) = +iωkc̄k(z) + itkS(z) , (5.31)

of which we can eliminate the last two and insert it in the first, yielding

zA(z) = S1(z) +
1

2π

∫
dz′S2(z′)

∑
k

t2k

[
1

z − z′ − ωk
− 1

z − z′ + ωk

]
S(z − z′) (5.32)

Now, we do the same as before, but in the transformed picture based on (5.17), where the
Heisenberg equations become

Ȧ = iS1 + iS2g(b + b†) ,

ḃ = −iΩ0b− igS − 2i
∑
k

h2
k

Ωk

(b + b†)− i
∑
k

hk(bk + b†k) ,

ḃ† = +iΩ0b
† + igS + 2i

∑
k

h2
k

Ωk

(b + b†) + i
∑
k

hk(bk + b†k) ,

ḃk = −ihk(b + b†)− iΩkbk ,

ḃ†k = +ihk(b + b†) + iΩkb
†
k . (5.33)

We proceed as before: We Fourier-transform all equations

zA(z) = S1(z) +
1

2π

∫
S2(z′)g[b(z − z′) + b̄(z − z′)])dz′ ,

zb(z) = −Ω0b(z)− gS(z)− 2
∑
k

h2
k

Ωk

[b(z) + b̄(z)]−
∑
k

hk[bk(z) + b̄k(z)] ,

zb̄(z) = +Ω0b̄(z) + gS(z) + 2
∑
k

h2
k

Ωk

[b(z) + b̄(z)] +
∑
k

hk[bk(z) + b̄k(z)] ,

zbk(z) = −hk[b(z) + b̄(z)]− Ωkbk(z) ,

zb̄k(z) = +hk[b(z) + b̄(z)] + Ωkb̄k(z) , (5.34)
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then eliminate

bk(z) =
−hk
z + Ωk

[b(z) + b̄(z)] , b̄k(z) =
+hk
z − Ωk

[b(z) + b̄(z)] , (5.35)

and then successively b̄(z)− b(z), yielding an equation for b̄(z) + b(z)[
z2

Ω0

− Ω0 − 4
∑
k

h2
k

Ωk

− 4
∑
k

h2
kΩk

z2 − Ω2
k

]
[b(z) + b̄(z)] = 2gS(z) . (5.36)

Inserting this in the first equation yields

zA(z) = S1(z) +
g

2π

∫
S2(z′)[b(z − z′) + b̄(z − z′)]dz′

= S1(z) +
2g2

2π

∫
S2(z′)

 1
(z−z′)2

Ω0
− Ω0 − 4

∑
k

h2k
Ωk
− 4

∑
k

h2kΩk
(z−z′)2−Ω2

k

S(z − z′)dz′ . (5.37)

Finally, we can compare Eq. (5.32) and Eq. (5.37), which yields a relation between the spectral
densities∑

k

t2k

[
1

z − z′ − ωk
− 1

z − z′ + ωk

]
=

2g2

(z−z′)2
Ω0
− Ω0 − 4

∑
k

h2k
Ωk
− 4

∑
k

h2kΩk
(z−z′)2−Ω2

k

. (5.38)

Going to the continuum limit then implies

1

π

∫ ∞
0

J (0)(ω)ω

(z − z′)2 − ω2
dω =

2g2

(z−z′)2
Ω0
− Ω0 − 4

2π

∫∞
0

J(1)(ω)
ω

dω − 4
2π

∫∞
0

J(1)(ω)ω
(z−z′)2−ω2dω

. (5.39)

Introducing the Cauchy transform of an odd function J(ω) via

W (z) =
2

π

∫ ∞
0

ωJ(ω)

ω2 − z2
dω =

1

π

∫ +∞

−∞

J(ω′)

ω′ − z
dω′ , (5.40)

we see that it has the appealing property

W (ω + i0+) = lim
ε→0+

1

π

∫ +∞

−∞

J(ω′)dω′

ω′ − ω − iε
= lim

ε→0+

1

π

∫ +∞

−∞

J(ω′) [ω′ − ω + iε]

(ω′ − ω)2 + ε2
dω′

=
1

π
P
∫

J(ω′)

ω′ − ω
dω′ + iJ(ω) , (5.41)

where we have used a representation of the Dirac-Delta function and P denotes the Cauchy prin-
cipal value. Computing the Cauchy transform of both spectral functions we can write Eq. (5.39)
as

−1

2
W (0)(z − z′) =

2g2

(z−z′)2
Ω0
− Ω0 − 2

π

∫∞
0

J(1)(ω)
ω

dω +W (1)(z − z′)
(5.42)
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Rearranging this for W (1)(z−z′) and evaluating at z−z′ = ω+i0+ eventually yields the sought-after
relation between the spectral functions

J (1)(ω) =
4g2J (0)(ω)[

1
π
P
∫ J(0)(ω′)

ω−ω′ dω′
]2

+ [J (0)(ω)]
2
. (5.43)

To summarize, the mapping between Hamiltonians (5.15) and (5.17) is realized by the phonon
mapping.

Def. 2 (phonon mapping). The phonon-form of the reaction coordinate mapping for Hamiltonians
with lower spectral bound is realized by the transformations for reaction coordinate energy Ω0,
coupling strength g, and residual spectral function J (1)(ω), that are fully defined by the original
spectral function

Ω2
0 =

∫∞
0
ωJ (0)(ω)dω∫∞

0
J(0)(ω)
ω

dω
, g2 =

1

2πΩ0

∫ ∞
0

ωJ (0)(ω)dω ,

J (1)(ω) =
4g2J (0)(ω)[

1
π
P
∫ J(0)(ω′)

ω−ω′ dω′
]2

+ [J (0)(ω)]
2
, (5.44)

where the analytic continuation J (0)(−ω) = −J (0)(ω) is understood.

� The first observation is that if we rescale the original spectral function by a factor α, g2

will scale proportional to α as well, such that this factor α will cancel in the numerator and
denominator. Thereby, the ultrastrong coupling limit in the original frame α→∞ will have
absolutely no effect on the coupling strength to the residual reservoir. Rather, the coupling
strength to the residual reservoir will depend on the shape of the original spectral function.

� By redefining S = (b + b†) in Eq. (5.17) and absorbing the reaction coordinate terms into
HS, we see that the form of (5.15) is fully reproduced, such that the mapping transformation
can be iterated recursively, until one of the involved integrals diverges. For the recursive
application, the above definition can be used with simply replacing J (0)(ω) → J (n)(ω) and
J (1)(ω)→ J (n+1)(ω).

� Finally, for spectral functions that have a finite support, i.e., which are non-vanishing only
inside a region ω ∈ [0, ωm], one can show that the mapping transformations lead to the
limiting spectral function [2]

J̄(ω) = ω

√
1− ω2

ω2
m

Θ(ω2
m − ω2) , (5.45)

known as Rubin spectral function. Direct insertion into the mapping relation shows that
it reproduces itself under the mapping. The observation that it has a maximum at ωm/

√
2

of height ωm/2 shows that for large ωm, the limiting spectral function need not be small. In
such cases, it is better to split the initial spectral function into intervals of small width ωm
and then apply such mappings to each interval individually.
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Benchmark: Spin-boson model

We consider a single-reservoir scenario with

H =
ω

2
σz +

∑
k

t2k
ωk
S2 + S

∑
k

tk

(
ak + a†k

)
+
∑
k

ωka
†
kak , (5.46)

where S = σz can implement either the exactly solvable pure-dephasing limit and S = σx would be
a dissipative spin-boson model. Since in these cases S2 = 1, the renormalization term corresponds
to a trivial shift. To compare with an available exact solution, we will consider the pure-dephasing
limit S = σz here, but the method is applicable more generally. As an example, the original
spectral function shall be

J (0)(ω) = 2π
∑
k

|tk|2δ(ω − ωk) = Γ
ωδ7

[(ω − ε)2 + δ2]2 [(ω + ε)2 + δ2]2
, (5.47)

where Γ denotes an overall coupling strength, and for ε > δ > 0 the parameter ε describes
roughly the position of the maximum and δ roughly the width around the maximum. All these
parameters have dimension of energy. This special spectral function is chosen to perform the
mapping analytically.

Accordingly, the transformed model reads

H =
ω

2
σz + Ω0

(
b† +

g

Ω0

S

)(
b+

g

Ω0

S

)
+
∑
k

Ωk

(
b†k +

hk
Ωk

(b+ b†)

)(
bk +

hk
Ωk

(b+ b†)

)
, (5.48)

where the energy of the RC and the coupling strength become

Ω2
0 =

(δ2 + ε2)
2

5δ2 + ε2
, g2 =

Γδ4
√

5δ2 + ε2

64 (δ2 + ε2)2 . (5.49)

The mapping transformation can be computed explicitly, where the transformed spectral function
becomes ohmic

J (1)(ω) =
16ωδ3

√
5δ2 + ε2

ω4 + ω2(6δ2 − 2ε2) + (5δ2 + ε2)2
, (5.50)

which does not depend on the coupling strength Γ (demonstrating that it can be chosen arbitrar-
ily large). With introducing the supersystem renormalization (for the chosen spectral function,
everything converges)

Ω0 ·∆ ≡
∑
k

h2
k

Ωk

=
1

2π

∫ ∞
0

J (1)(ω)

ω
dω , (5.51)

we can identify a new decomposition into supersystem H ′S and residual reservoir H ′B via H =
H ′S +H ′B +H ′I with

H ′S =
ω

2
σz + Ω0

(
b† +

g

Ω0

S

)(
b+

g

Ω0

S

)
+ Ω0∆(b+ b†)2 ,

H ′I = (b+ b†)
∑
k

hk(bk + b†k) , H ′B =
∑
k

Ωkb
†
kbk , (5.52)
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for which we can derive and solve a master equation in the usual way. For the sake of simplicity
we will not bother to derive a Lindblad master equation but will simply use the Redfield master
equation, but now for the supersystem

ρ̇ = −i [H ′S, ρ]−
∫ ∞

0

C(+τ)
[
(b+ b†), e−iH′

Sτ (b+ b†)e+iH′
Sτρ(t)

]
dτ

−
∫ ∞

0

C(−τ)
[
ρ(t)e−iH′

Sτ (b+ b†)e+iH′
Sτ , (b+ b†)

]
dτ . (5.53)

Here, C(τ) is the correlation function for the residual bath

C(τ) =
1

2π

∫
γ(ω)e−iωτdω =

1

2π

∫
J (1)(ω)[1 + nB(ω)]e−iωτdω , (5.54)

which under the assumption of weak residual coupling (for which we have derived the master
equation) is still approximately in a thermal state with the same temperature. The half-sided
Fourier transform can be performed by finding the eigenbasis of the supersystem Hamiltonian
H ′S |a′ 〉 = E ′a |a′ 〉, such that∫ ∞

0

C(τ)e−iH′
Sτ (b+ b†)e+iH′

Sτdτ =
∑
ab

〈a′| (b+ b†) |b′ 〉
∫ ∞

0

C(τ)e−i(E′
a−E′

b)τdτ |a′ 〉〈b′| . (5.55)

Now, the remaining half-sided integral can be evaluated via∫ ∞
0

C(τ)e+i(E′
b−E

′
a)τdτ =

∫
Θ(τ)C(τ)e+i(E′

b−E
′
a)τdτ =

∫
dωγ(ω)

[
1

2π

∫
dτe+i(E′

b−E
′
a−ω)τ 1

2
[1 + sgn(τ)]

]
=
γ(E ′b − E ′a)

2
+

i

2π
P
∫

γ(ω)

E ′b − E ′a − ω
dω ≈ γ(E ′b − E ′a)

2
(5.56)

where in the last equality sign we have neglected the Lamb shift. The dissipator can then be
established numerically, after obtaining the eigenbasis of H ′S.

The solution for the supersystem ρ(t) then allows to compute observables such as the absolute
value of coherences

|ρ01| =
∣∣∣∣12Tr {(σx + iσy)ρ(t)}

∣∣∣∣ , (5.57)

which can be directly compared with the exact solution that we derived previously. Likewise, we
had established that due to global energy conservation, the energy radiated into the reservoir must
stem from the interaction

d

dt

〈∑
k

ωka
†
kak

〉
= − d

dt

〈
σz
∑
k

tk(ak + a†k)

〉
= − d

dt
g
〈
σz(b+ b†)

〉
, (5.58)

where the last expression is now accessible within the master equation formulation of the supersys-
tem and can be compared with the exact solution for the current obtained from the time derivative
of of the reservoir energy, provided the supersystem is initialized as

ρ0 = ρ0
S ⊗

e−βΩ[b†b+∆(b+b†)2]

ZRC
, (5.59)
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Figure 5.3: Evolution of coherences in the pure-
dephasing spin boson model and energy radi-
ated into the reservoir versus dimensionless time.
Whereas the naive master equation for the single
spin predicts simple exponential decay and a van-
ishing energy current (orange dashed), treatment
of the supersystem (solid curves) approximates
the exact solution (bold dashed black) much bet-
ter, depending on the bosonic cutoff chosen. To
compute the currents (inset) more accurately, fur-
ther mappings would be necessary. Parameters:
Γβ = 10000, δβ = 1, εβ = 2, ωβ = 1.

where the first factor is the initial state of the spin (including e.g. coherences) and the second
part comes from the reduced thermal state of the reaction coordinate. The result is depicted in
Fig. 5.3. One can see that the transient evolution of coherences is extremely well captured with the
RC approach. By further increasing the bosonic cutoff Nc, the solution well approaches the exact
one. The total radiated current however dows not yet approximate the exact solution well (even for
Nc →∞), which roots in the Markovian approximation applied to the supersystem (δβ ≈ 1 does
not fully justify a Markovian treatment). The bottom-line is that a time-local (and in this sense
Markovian) treatment of the supersystem includes non-Markovian effects in the original system.

5.3.2 Fermionic reaction-coordinate mappings

As for bosonic systems, similar Bogoliubov transforms exist for fermionic systems. The only
difference is that they preserve the fermionic anticommutation relations.

Fermionic Bogoliubov transforms

Def. 3 (Fermionic Bogoliubov transform). A fermionic Bogoliubov transform is a linear mapping
between fermionic annihilation and creation operators, which preserves the corresponding fermionic
anticommutation relations {

ck, c
†
k′

}
= δkk′ , {ck, ck′} = 0 ,

ck =
∑
q

[
ukqdq + vkqd

†
q

]
,

{
dk, d

†
k′

}
= δkk′ , {dk, dk′} = 0 , (5.60)

where ukq, vkq ∈ C.

In analogy to the bosonic case, the constraints that the coefficients ukq and vkq have to obey can
be written as ∑

q

(
ukqu

∗
k′q + vkqv

∗
k′q

)
= δkk′ ,

∑
q

(ukqvk′q + vkquk′q) = 0 , (5.61)
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or in matrix notation

UU † + V V † = 1 , UV T + V UT = 0 . (5.62)

In the following, we will only treat the case of particle-conserving interactions (relevant e.g. for
electronic tunneling), such that when we consider just V = 0, again U just needs to be a unitary
transformation to obey the preservation of the anticommutation relations. Another simplification
is that we will not bother to write the Hamiltonian in a manifestly positive form, since for fermions
the spectrum is always bounded from below.

Two-mode example

Consider the fermionic Hamiltonian

H = HS +
(
t1d
†c1 + t∗1c

†
1d
)

+
(
t2d
†c2 + t∗2c

†
2d
)

+ ε1c
†
1c1 + ε2c

†
2c2 , (5.63)

where HS may contain arbitrary interactions and d is an operator in the system. A unitary
Bogoliubov transform of the reservoir modes only

c1 = u11d1 + u12d2 , c2 = u21d1 + u22d2 , (5.64)

and analogous for the creation operators can now be chosen to achieve an effective decoupling of
the system and the second mode d2. Inserting this transformation

H = HS +
[
d†(t1u11 + t2u21)d1 + d†(t1u12 + t2u22)d2 + h.c.

]
+ ε1

(
u∗11d

†
1 + u∗12d

†
2

)
(u11d1 + u12d2) + ε2

(
u∗21d

†
1 + u∗22d

†
2

)
(u21d1 + u22d2) , (5.65)

and we see that by fulfilling (t1u12 + t2u22) = 0 we can achieve a decoupling of the system and the
second mode. This is for example implemented by the choice

U =
1√

|t1|2 + |t2|2

(
+t∗1 −t2
+t∗2 +t1

)
, (5.66)

which eventually yields

H = HS +

√|t1|2 + |t2|2︸ ︷︷ ︸
T1

d†d1 + h.c.

+
ε1|t1|2 + ε2|t2|2

|t1|2 + |t2|2︸ ︷︷ ︸
ε1

d†1d1 +
ε1|t2|2 + ε2|t1|2

|t1|2 + |t2|2︸ ︷︷ ︸
ε2

d†2d2

+

 t1t2

|t1|2 + |t2|2
(ε2 − ε1)︸ ︷︷ ︸

T2

d†1d2 + h.c.

 , (5.67)

which has the same interpretation as Fig. 5.1 with the appropriately renamed parameters. As
before, we see that as ti → ∞, only T1 diverges, whereas εi and also T2 remain finite. Therefore,
an explicit treatment of only the first mode allows for a perturbative treatment also in the strong-
coupling limit.
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Derivation of the mapping

We postulate the equivalence of the Hamiltonians

H = HS + c
∑
k

t∗kc
†
k − c

†
∑
k

tkck +
∑
k

εkc
†
kck

= HS + λcd† − λc†d+ εd†d+ d
∑
k

T ∗k d
†
k − d

†
∑
k

Tkdk +
∑
k

εkd
†
kdk . (5.68)

In the first one, tk gives rise to the original spectral function

Γ(0)(ω) = 2π
∑
k

|tk|2δ(ω − εk) , (5.69)

and in the second Hamiltonian, λ and ε denote coupling and energy of the reaction coordinate,
respectively. Also, the amplitudes Tk and energies εk define the residual spectral function

Γ(1)(ω) = 2π
∑
k

|Tk|2δ(ω − εk) . (5.70)

Thus, the difference to the bosonic case is that no extra term is required to grant the existence
of a lower bound and also that the spectral functions can be defined also for negative frequencies,
such that no analytic continuation is necessary. The transformation shall be implemented by a
unitary variant of the Bogoliubov transform

ck =
∑
q

ukqdq , (5.71)

and specifically we identify d0 = d as the reaction coordinate.

Energy and coupling strength Thereby, it has to hold that

λd =
∑
k

tkck , λd† =
∑
k

t∗kc
†
k (5.72)

and similar for the conjugate transpose, such that by computing e.g. the anticommutator of the
two terms above we get the relation

λ2 =
∑
k

|tk|2 , (5.73)

which defines the coupling strength of the reaction coordinate. Solving for d, we get

d =
∑
k

tk
λ
ck =

∑
k

(U †)0kck =
∑
k

u∗k0ck =⇒ uk0 =
t∗k
λ
. (5.74)

Finally, the term that generates the energy of the reaction coordinate must generate from the
reservoir Hamiltonian, such that

εd†d =
∑
k

εk|uk0|2d†d =
∑
k

εk
|tk|2

λ2
d†d . (5.75)
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This yields the energy of the reaction coordinate

ε =
∑
k

εk
|tk|2

λ2
. (5.76)

In the continuum limit, we can get the coupling and energy from integrals over the complete
energies

λ2 =
1

2π

∫
Γ(0)(ω)dω , ε =

1

2πλ2

∫
ωΓ(0)(ω)dω . (5.77)

Mapping of the spectral function To find the mapping relation for the spectral function,
we set up the Heisenberg equations of motion for both realizations of the total Hamiltonian. For
simplicity, we only consider the Heisenberg equations for the creation and annihilation operators
(in principle, any observable can be constructed from these). In the original representation, they
become

ċ = i[HS, c] + i
∑
k

tkck = iS(t) + i
∑
k

tkck , ċk = it∗kc− iεkck , (5.78)

and similarly for the creation operators. Since at this level they do not mix, we consider only the
annihilation operators. Fourier-transformation yields

zc(z) = S(z) +
∑
k

tkck(z) , zck(z) = t∗kc(z)− εkck(z) . (5.79)

Eliminating the second equation then gives

zc(z) = S1(z) +
∑
k

|tk|2

z + εk
c(z) . (5.80)

In contrast, the mapped representation yields

ċ = iS(t) + iλd , ḋ = −iλc− iεd+ i
∑
k

Tkdk , ḋk = iT ∗k d− iεkdk . (5.81)

Fourier-transforming and eliminating the non-system variables then gives

zc(z) = S(z)− λ2

z + ε−
∑

k
|Tk|2
z+εk

c(z) , (5.82)

and from comparison we get the relation∑
k

|tk|2

z + εk
= − λ2

z + ε−
∑

k
|Tk|2
z+εk

. (5.83)

Converting the sums to integrals and evaluating at z = −ω+iδ when δ → 0+ we obtain a mapping
relation between the fermionic spectral functions just as before.

Summarizing, we obtain the fermionic particle mapping.
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Def. 4 (Fermionic particle mapping). The particle form of the reaction-coordinate mapping for
fermionic tunneling Hamiltonians provides the reaction coordinate coupling λ, the energy ε, and
the residual spectral function Γ(1)(ω)

λ2 =
1

2π

∫
Γ(0)(ω)dω , ε =

1

2πλ2

∫
ωΓ(0)(ω)dω ,

Γ(1)(ω) =
4λ2Γ(0)(ω)[

1
π
P
∫ Γ(0)(ω′)

ω−ω′ dω′
]2

+ [Γ(0)(ω)]
2
. (5.84)

� As before, the transformed specral density remains invariant under trivial rescalings of the
original one.

� As before, the mapping can be performed recursively.

� For spectral functions with a finite support, i.e., nonvanishing ones in the interval ω ∈
[ε− δ, ε+ δ], the mapping converges to a semicircle-shaped spectral density

Γ̄(ω) = δ

√
1−

(
ω − ε
δ

)2

Θ(δ2 − (ω − ε)2) . (5.85)

This has a maximum of δ at ω = ε, which demonstrates that a master equation may just
not be applicable for large δ. In such cases, it is better to split the support of the spectral
function into small intervals and perform the mapping individually for each interval.

Benchmark: Single-electron transistor

We consider the SET

H = εd†d+
∑
ν

∑
k

[
εkνc

†
kνckν +

(
tkνd

†ckν + h.c.
)]

(5.86)

with two leads ν ∈ {L,R} described by Lorentzian spectral densities

Γ(0)
α (ω) = 2π

∑
k

|tkν |2δ(ω − εkν) = Γα
δ2
α

(ω − εα)2 + δ2
α

, (5.87)

where α ∈ {L,R} denotes the lead, Γα the coupling strength, δα the width, and εα the frequency
with the strongest coupling. The wideband limit is implemented with δα →∞.

Introducing a separate reaction coordinate for each reservoir, the model is transformed into a
triple quantum dot (TQD) structure

H = HTQD +
∑
ν

∑
k

[
εkνd

†
kνdkν +

(
Tkνd

†
νdkν + h.c.

)]
,

HTQD = εLd
†
LdL + εd†d+ εRd

†
RdR +

(
λLd

†dL + λRd
†dR + h.c.

)
, (5.88)
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where the coupling strengths and energies of the RC, respectively, become

λν =

√
Γνδν

2
, εν = εν . (5.89)

Here, for the computation of the RC energy one can actually use symmetry arguments or use the
principal value as otherwise the integral is not convergent. The computation of the principal value
integral yields

P
∫

Γ
(0)
ν (ω′)

ω − ω′
dω′ = 2πi

[
Resω′=εν+iδ

Γ
(0)
ν (ω′)

ω − ω′
+

1

2
Resω′=ω

Γ
(0)
ν (ω′)

ω − ω′

]

=
πΓνδν(ω − εν)
(ω − εν)2 + δ2

ν

, (5.90)

which eventually allows to compute the residual spectral density

Γ(1)
ν (ω) = 2π

∑
k

|Tkν |2δ(ω − εkν) = 2δν , (5.91)

which is just flat. An additional transformation could not be performed here, since the spectral
densities would just diverge. We can now solve the model with various approaches.

� First, since the model is exactly solvable, we can use e.g. nonequilibrium Greens functions
or the Laplace transform method (without invoking the wideband limit on the single dot or
applying it to the TQD) to obtain an exact solution for the stationary currents in terms of
a Landauer representation

IM =
1

2π

∫
dωT (ω)[fL(ω)− fR(ω)]dω , (5.92)

where the transmission becomes

T (ω) =
Γ

(0)
L (ω)Γ

(0)
R (ω)[

ω − ε− 1
2π
P
∫ Γ

(0)
L (ω′)+Γ

(0)
R (ω′)

ω−ω′ dω′
]2

+

[
Γ
(0)
L (ω′)+Γ

(0)
R (ω′)

2

]2 . (5.93)

� Second, we can use the naive master equation for the SET as discussed explicitly before.
From this, we know that the current IM will scale linarly with the coupling strength if
symmetrically coupled ΓL = ΓR.

� Third, we can derive the Pauli rate equations for the resulting triple-dot system, which are
sometimes referred to as global Lindblad equations, since their Lindblad operators are ex-
pressable by the energy eigenbasis of the TQD. Without coherences in the energy eigenbasis,
this will correspond to a classical stochastic process switching between the energy eigenstates
of the TQD (which can for our example actually be analytically calculated). This master
equation is globally of Lindblad form, and therefore the dynamics will be contractive (or
Markovian), such that the TQD density matrix will always approach its steady state as en-
forced by Spohn’s inequality. However, the dynamics of the central dot alone does not follow
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a master equation and may be non-Markovian. The reduced density matrix of the central
dot is always diagonal

ρc(t) =

(
1− P1(t) 0

0 P1(t)

)
, (5.94)

and is thereby fully determined by the probability of the central dot being occupied P1(t) =
Tr
{
d†dρ(t)

}
. Likewise its stationary limit is given by P̄1 = Tr

{
d†dρ̄

}
, such that the trace

distance between the single-electron density matrix and its stationary limit T (ρc(t), ρ̄c) =∣∣P1(t)− P̄1

∣∣ or likewise the quantum relative entropy between these states may actually
temporarily increase. This hallmarks a non-Markovian effect, demonstrating that the TQD
Lindblad equation provides a Markovian embedding for a non-Markovian evolution of the
central dot.

� Fourth, we can use the nonsecular Redfield master equation for the triple quantum dot,
which is not of Lindblad form but will approximately preserve the density matrix properties
when applied within its range of validity (weak residual coupling βνδν � 1). In this case, a
temporarily increasing trace distance to the stationary state may already be observed in the
supersystem.

� Fifth, since the mapping to the triple quantum dot picture does not require the strong-
coupling limit, we can also compare with the case where the internal amplitudes λν and
the residual amplitudes Tkν are of the same order by defining the transformation to the
interaction picture differently. This results in a local Lindblad master equation [3] for the
triple quantum dot

ρ̇ = −i [HTQD, ρ]

+ Γ
(1)
L (εL)[1− fL(εL)]

[
dLρd

†
L −

1

2

{
d†LdL, ρ

}]
+ Γ

(1)
L (εL)fL(εL)

[
d†LρdL −

1

2

{
dLd

†
L, ρ
}]

+ Γ
(1)
R (εR)[1− fR(εR)]

[
dRρd

†
R −

1

2

{
d†RdR, ρ

}]
+ Γ

(1)
R (εR)fR(εR)

[
d†RρdR −

1

2

{
dRd

†
R, ρ
}]

,

(5.95)

where the coupling between the left and right dots is only mediated by the triple dot Hamil-
tonian HTQD.

The results of these considerations are shown in Fig. 5.4. One can see that a single Lindblad
approach – at least of the forms mentioned – is not able to capture the behaviour of the exact
solution for all coupling strengths, whereas the Redfield master equation, despite not obeying the
Lindblad form, captures its features much better over a wide range of parameters. Nevertheless,
for particular regimes suitable Lindblad descriptions exist.
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Figure 5.4: Plot of the matter current ver-
sus dimensionless coupling strength at a fixed
non-equilibrium scenario. Lindblad approaches
(green, black, orange) capture the exact solu-
tion (red) only in suitable regimes, whereas the
Redfield master equation (light dashed blue and
solid blue) recover the exact solution over vari-
ous orders. In particular the naive SET Lindblad
(green) captures only the weak-coupling regime.
In contrast, the failure of the BMS for the TQD
(black) fails at weak coupling since the secu-
lar approximation is not applicable. Parameters:
ΓL = ΓR = Γ, βLε = βRε = 1, µL = +ε, µR = −ε,
δL = δR = 0.1ε, εL = εR = ε.
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