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Approaching the Quantum Limit

of a Nanomechanical Resonator
M. D. LaHaye,"? O. Buu,’? B. Camarota,’2 K. C. Schwab*

By coupling a single-electron transistor to a high—quality factor, 19.7-mega-
hertz nanomechanical resonator, we demonstrate position detection approach-
ing that set by the Heisenberg uncertainty principle limit. At millikelvin tem-
peratures, position resolution a factor of 4.3 above the quantum limit is
achieved and demonstrates the near-ideal performance of the single-electron
transistor as a linear amplifier. We have observed the resonator’s thermal motion
at temperatures as low as 56 millikelvin, with quantum occupation factors of N, =
58. The implications of this experiment reach from the ultimate limits of force
microscopy to qubit readout for quantum information devices.

Since the development of quantum mechanics,
it has been appreciated that there is a funda-
mental limit to the precision of repeated posi-
tion measurements (/). This is a consequence of
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the Heisenberg uncertainty principle (2), which
places a limit on the simultaneous knowledge

f
of position x and momentum p: Ax * Ap = -,

where 27 ¢ i is Planck’s constant. When ap-
plied to a simple harmonic oscillator of mass m
and angular resonant frequency w,, this rela-
tionship places a limit on the precision of two
instantaneous, strong position measurements,

what is called the “standard quantum limit,”

f
Msor = \3ma. O

Although the standard quantum limit captures
the physics of the uncertainty principle, it is far
from the situation found when one continuously
measures the position with a linear detector. Lin-
ear amplifiers not only detect and amplify the
incoming desired signal but also impose back-
action onto the object under study (4); the current
noise emanating from the input of a voltage pre-
amplifier or the momentum noise imparted to a
mirror in an optical interferometer are manifesta-
tions of this back-action. The uncertainty principle
again appears and places a quantum limit on the
minimum possible back-action for a linear ampli-
fier. Previous work (5) has concluded that the

minimum possible amplifier noise temperature is
7. = " Applying this result o th
oL = m . Applying this result to the con-

tinuous readout of a simple harmonic oscillator
yields the ultimate position resolution (6):

[ & :
AXQL = m ~ 135 AXSQL’ which
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accounts for both the quantum noise of the
resonator and the linear amplifier.

In addition to issues of ultimate limits of
measurement, it has been recently appreciated
(7) that it should be possible to prepare micron-
scale, resonant mechanical systems in the quan-
tum ground state. The energy of this elementary
system should be quantized: Ey, = fiwy(N +
1/2), where N = 0,1,2, . .. , with a minimum
possible energy of E, = fiwy/2 corresponding
to an average position X = 0 and standard
deviation of Axg, . Freeze-out to the quantum
ground state should occur when kgT/hw, =
T/'Tq = 1. As a result of the high resonance
frequency of nanomechanics, now demonstrat-
ed as high as 1 GHz (8), freeze-out should be
possible at millikelvin temperatures. We dem-
onstrate the approach to the quantum limit of a
19.7-MHz nanomechanical resonator in both of
these ways: continuous position observation ap-
proaching the uncertainty principle limit and
observation of low quantum numbers by ther-
malization to millikelvin temperatures.

To approach these limits, we have engineered
a nanoelectromechanical system composed of a
microscopic mechanical resonator capacitively
coupled to a superconducting single-electron tran-
sistor (SSET) (Fig. 1). The mechanical resonator
is biased with a large dc potential, Vyy, and
coupled to the SSET island through C. In-plane
motion of the resonator linearly modulates this
capacitance and thus changes the potential of the
island, which, in turn, changes the impedance of
the SSET. Use of a microwave matching network
[radio frequency SSET (RF-SSET)] technique (4)
allows continuous readout of the SSET imped-
ance with very high sensitivity and bandwidth (9)
(fig. S1). This position-detection scheme and po-
tential for approaching quantum limits has been
considered by a number of authors (/0—/2) and
has very recently been demonstrated (/3) with a
normal-state single-electron transistor (SET), al-
beit with very limited bandwidth and sensitivity
far from the quantum limit.

A SSET is thought to be a realization of a
near-ideal linear amplifier, ideal in the sense
that amplification can be accomplished with
back-action close to that which is required by
the uncertainty principle (4, /4). The back-
action is a result of the electrons stochastically
tunneling onto and off of the island, changing
its potential by 3V = é ~ 400 pV with each
tunneling event, where C; ~ 400 aF is a typical
total island capacitance. Calculations of the
spectral power density of these fluctuations for
an SSET show a white power spectrum extend-
ing up to 1/RsCs ~ 10 GHz, with an amplitude

3
o= ¢
of \Sy e 3nV/\[Hz (14, 15). These

voltage fluctuations produce back-action forces
and stochastic displacements of the mechanical
resonator, ultimately limiting the position resolu-
tion of this scheme. Thus, careful attention must

be placed upon the engineering of the coupling
between the mechanical resonator and the SSET
(10, 11). As the coupling voltage, Vyg, 1S in-
creased, the SSET becomes more sensitive to
displacements, with the resolution limited by the
shot-noise through the SSET. However, as Vj, is
increased, coupling to the back-action voltage
fluctuations of the island becomes stronger, ulti-
mately overcoming the increase in position sensi-
tivity. Fig. 1 shows the predicted sensitivity versus
coupling voltage Vi (10, 11) using our demon-
strated device parameters. Optimal detection ap-
proaches the quantum limit at Vg ~ 13 V,
although given the nonideality of our RF-SSET
readout, we do not expect to be limited by back-
action until Vg ~ 27 V.

Figure 2 shows the sample layout and the
details of the RF-SSET coupled to the nano-
mechanical resonator. An on-chip LC resonator is
microfabricated for impedance matching the
SSET to an ultralow noise, 50 () microwave
amplifier with 7, = 2 K. The LC resonator is
formed by an interdigitated capacitor and a planar
Al coil (14 turns, 130 pm square, 1 pm pitch and
line width). Our circuit demonstrates a resonance
at 1.35 GHz with a Q ~ 10, giving a detection
bandwidth of ~70 MHz. The SSET characteris-
tics measured through the mapping of I;,g versus
Vg versus Vg are Cy = 450 aF, Cg = 26 aF,
and Ry = 70 k() where Ry is the series resistance
of the tunnel junctions; we achieve a charge sen-

sitivity of \Sp = 6 — 14 pe/\Hz. A feedback

scheme is used to sense and hold the SSET at
maximum charge sensitivity (9). This is essential
for achieving the best position sensitivity, because
the noise floor of our RF-SSET is determined by
the cryogenic microwave preamplifier. We
achieve gain stability sufficient for long-term av-
erages of the noise spectra.

The nanomechanical resonances of the dou-
bly clamped beam are first identified using
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magnetomotive readout (/6); we find an out-
of-plane resonance of 17 MHz and an in-plane
resonance of 19.7 MHz. Fig. 3 shows the in-
plane mode detected with the RF-SSET. The
two displacement detection techniques give
identical resonator characteristics within mea-
surement uncertainty. From the temperature de-
pendence of the quality factor of the 19.7-MHz
mode (Fig. 4), it is interesting to note the linear
increase in quality factor as temperature de-
creases, a much stronger dependence than what
is uniformly observed in nanomechanical reso-
nators at higher temperatures (/7).

Without driving the resonance and simply
recording the noise spectra from the RF-SSET,
we can detect the thermal motion of the beam at
very low temperatures (Fig. 3). The noise pow-
er fits a simple harmonic oscillator line shape,
sitting atop a white-noise background from the
cryogenic preamplifier, with frequency and Q
identical to that found by driving.

The integrated noise power is proportional
to (x?) and is plotted versus temperature (Fig.
4). Above 100 mK, it closely follows a linear
temperature dependence with intercept through
the origin. As our mechanical mode is essen-

fuw
tially classical for temperatures above 7, =

kg
1 mK, this is the expected result, which follows
from the classical equipartition of energy:
(E) = mwix®) = kyT. Analogous to Johnson
noise thermometry (/8), this technique allows di-
rect measurement of the thermodynamic temper-
ature of the nanomechanical mode (9).

Below 100 mK, we observe that the
integrated noise power does not follow the
same linear dependence as we continue to cool
the sample holder to 35 mK (temperature mea-
sured by RuO-resistance thermometry mounted
on the Cu sample package.) A possible reason
for this excess mechanical noise temperature is

Fig. 1. (Bottom) The solid lines
show the expected position res-
olution due to shot-noise (black),
back-action noise (red), and the
uncorrelated sum (blue) as a
function of coupling voltage Vg,
assuming the device parameters

realized in this experiment. The
points are the observed sensitiv-
ity where the deviation from the
blue curve is due to nonidealities
in the RF-SSET readout circuit.
The dashed line is the expected

sensitivity calculated from the
measured charge sensitivity. Er-
ror bars are on the quantity
AX/AXg,. (Top) The simplified
schematic shows the RF-SSET ca-
pacitively coupled to a voltage-
biased Au/SiN  nanomechanical
resonator with on-chip LC resona-
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tor formed by the square spiral, Ly,
and an interdigitated capacitor, C.
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Fig. 2. Colorized scanning electron micrographs of the sample. (A)
Metallizations (170 nm Al/ 20 nm Ti/ 20 nm Au) atop a [100] silicon
wafer coated with 100 nm of SiN, which has been back-etched using
KOH to form a 55-um by 55-um SiN membrane (shown as the
black square in the center.) The Al/Ti/Au film is in contact with the
silicon, which both provides electronic protection for the delicate
device at room temperature and superconducts below 0.8 K. The
inset on the left shows the 130-pm by 130-um square coil used for
the 1.35 GHz LC resonator. (B) SiN membrane (dark square), the Al
leads to the SSET, and the Au leads to the nanomechanical resonator
and electrostatic gates. (C) Details of the 19.7-MHz nanomechanical
resonator (200 nm wide, 8 pm long, coated with 20 nm of Au atop
100 nm SiN), defined by the regions in black where the SiN has been
etched through. The SSET island (5 wm long and 50 nm wide) is
positioned 600 nm away from the resonator. Tunnel junctions,
marked “J,” are located at corners. A 70-nm-thick gold gate is
positioned to the right of the resonator and is used both to drive the
resonator and to control the bias point of the SSET.
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Fig. 3. Charge noise power around the mechanical resonance with V; = 15 V. Right peak is
taken at 100 mK and is fit with a Lorentzian, shown as a red line. This noise power is used to
scale the left peak taken with the refrigerator at 35 mK and corresponds to a resonator noise
temperature of T® = 73 mK. This then scales the white-noise floor, which corresponds to a
system-noise temperature of T3**7= 16 mK = 18 T, . Using the equipartition relation, the
displacement resolution is 3.8 fm/ \/E The inset shows the driven response, approximately

800 pm on resonance, with the data as circles and a Lorentzian fit as the solid lines. All SSET
measurements are taken with the SSET biased near the double Josephson quasiparticle
resonance peak.

#~ 2 um

through electrostatic fluctuations from the
SSET back-action or on nearby gates. This does
not appear to be the case, because the behavior
is independent of coupling voltage, as shown in
Fig. 4. Excess noise temperatures due to elec-
trostatic fluctuations from any source should
produce a quadratic dependence with Vi,
which is clearly not observed (12, 19).
We also rule out a long thermal relaxation
time, because the refrigerator is run contin-
uously at base temperature for 72 hours and
we see no sign of continued cooling. None-
theless, we observe a mechanical mode
with noise temperature of 7% = 56 mK,
and a corresponding quantum occupation
factor of N = TJ%/T, = 58.

The most likely cause of the excess noise
temperature below 100 mK is the ~2 pW
dissipated in the SSET, which locally heats
the SiN membrane around the nanomechani-
cal resonator. A simple thermal model using
the measured thermal conductance of a SiN
membrane (20) shows that the dissipated
power is expected to increase the local tem-
perature around the resonator by ~50 mK.
This might be remedied by placing the SSET
on the Si substrate and coupling to the nano-
mechanical resonator through a coupling ca-
pacitor. This would allow the hot phonons
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Fig. 4. The integrated charge
noise power, PNR, scaled by V,, S0k+
versus refrigerator temperature

for different V. Right axis O 40kq

shows the quantum occupation

factor, N;,,. Above 100 mK, we 30k -

find excellent agreement with 5000

classical equipartition of energy,

Pyg = T, shown as the solid line
through the origin. Below 100

mK, we observe a deviation from
this relationship, indicating a dif-

ficulty in thermalizing the nano-
mechanical mode. The arrow in-
dicates the lowest observed
1000
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noise temperature, T{® = 56 mK

and N;, = 58. The upper plot
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emitted by the SSET to radiate away ballis-
tically into the substrate.

For our highest couplings, we do observe
substantial scatter in the mechanical noise tem-
perature, beyond the statistical uncertainty (Fig.
4). Changes in mechanical noise temperature
are accompanied by sudden changes in resona-
tor frequency of 100 to 300 Hz, changes in
resonator quality factor of 10%, and changes in
RF-SSET sensitivity of 30%. This behavior
was not observed in a nearly identical sample
that showed much higher stability for large V
but was unfortunately destroyed before a com-
plete study could be made.

Because we observe no clear evidence of
back-action, the noise temperature of our SSET
measurement scheme can be evaluated from the
spectrum shown in Fig. 3. With V, = 15V,
we find that the noise temperature of our dis-
placement-sensing scheme at the mechanical
resonance is Iy "' = 16 mK = 17 hw, =
18 T,,, which gives a position standard devia-

TI%SET

tion of Ax =
Ty,

*Avy, =43+ Ax,,. The

position sensitivity of our detection scheme can be
estimated with the equipartition relationship and
our estimate of the resonator mass, my,= 9.7+
10'°kg (21). Our best position sensitivity is
\/i = 3.8 fin/ \[Hz. At base temperature, we find
a quality factor of Q = 3.5 « 10%, which gives an
effective noise bandwidth of Af = w40 =
903Hz and a position standard deviation of Ax =
114 fin with Ax,,, = 26 fin. This is the closest
approach to the uncertainty principle limit on
position measurement to date. Further optimi-
zation of the SSET charge readout by improv-
ing our microwave amplifier would allow a
closer approach to the minimum shown in
Fig. 1, with Ax ~ 1.5 * Ax,,, appearing tech-
nically possible (4).

Although our measurements at 20 MHz are

48

56 100 600

Refrigerator temperature (mK)

essentially immune to nonintrinsic noise, which is
ubiquitous at acoustic frequencies, it is interesting
to compare our approach to the quantum limit
with the current sensitivity of ultrasensitive grav-
itational wave detectors. The 4-km Laser Inter-
ferometer  Gravitational-Wave  Observatory
(LIGO) interferometric detector has achieved Ax
= 1000 * Ax,,, (22) at 100 Hz. A tabletop optical
interferometer has achieved Ax = 23 « Ax,, on
the 2 MHz vibrational modes of a 100-g silica
mirror at room temperature (23). The best per-
formance on the readout of displacement trans-
ducers for cryogenic, acoustic gravitational wave
detectors at 1 KHz is Ax = 167 * Ax,,, (24), with
thermal occupation N, ~ 10°.

The recent demonstration of nanomechani-
cal displacement detection with an SET mixer

(13) achieved similar position sensitivity \/S:

on a 100-MHz resonator, but because of the
much lower quality factor, larger noise equiva-
lent bandwidth, and lower quantum limit of
motion, the standard deviation of position
achieved was far from the quantum limit:

Ax = 100 * Ax,,. This detection scheme did

not possess sufficient bandwidth or sensitivity
to observe the mechanical mode temperature.
The level of position sensitivity and the
approach to low quantum numbers demonstrat-
ed here open the possibility for a wealth of
nanoelectromechanics experiments at mil-
likelvin temperatures: observation of meso-
scopic fluctuations in nanomechanics (25),
quantum-limited feedback cooling (26), and
quantum squeezing (3). By improving the ther-
mal characteristics of our sample and increasing
the frequency of the mechanical mode, we ex-
pect to approach freeze-out to the quantum
ground state, which should show deviations
from the classical equipartition of energy and
evidence for energy quantization and zero-point
motion. In addition, there has been theoretical
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work suggesting the possibility of observing
coherent quantum behavior of a nanomechani-
cal device interacting with a superconducting
two-level system (a Cooper-Pair box) (27, 28).
Two critical parameters in this scheme are the
mode temperature, which should determine the
coherence time, and the interaction strength,
which is a function of C;V,. Using the pa-
rameters demonstrated in this work (Q, T
CsVr)s We expect the interaction to approach
the strong coupling limit (H,) ~ #iw, and the
mechanical coherence time to be long enough
(~1 psec), allowing the possible formation of
entangled states and ultimately tests of quantum
mechanics at the micron scale and beyond (29).
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