
• Basic idea of Krylov space methods :

Find ( exponentially good in n) approximation of

F- o , IE o> Card possibly a few
excited stated

by projecting It to an µ +Daney matrix
within

Kn+n( It , 14:>) .

• Crucial ingredient : Approximate invariance of Kn+IHHiY

for sufficiently large u
.
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- SCH is an invariant subspace of It , if lx > c-

S ⇒ Hk> c-S
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- If Q = ( 19 .> 1 . -11%7) with Q+Q = Man , , then I
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l orthoaorwallsasisof.SI !
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T = Qt HQ is the projection of H onto the invariant ;
in
Yisrael subspace 5

,
and we have |HQ=QTT- ,

I → From eigenvectors In oft with/Tj, = Ex yip , we ,
I find that Qtja = En QI It Qj,

= Ex Qyia
, I

i. e Qj , is an eigenstate of It with the sand
1
,

I eigenvalue Ex . ( IE, > = Qin )
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- Relation to Krylov methods : Ku ( It

,
14:>) is to

exponentially good precision in n an invariant

subspace containing the ground state , since 11-4%7

converges to extremal eigenstates .



• Simple and successful method : Lauczos algorithm
- Start with a random initial state 1%2--14:>

T
and iteratively apply H as follows : normalized

• It 19 .> = do 1%0> + battle>
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H 1%7 = ÉIE>Let It 1%> =p
EÑÑ1%> + Pie><eIHl%> !

I e--0
la .> = :*> EÉ !

L iE=
di
-

j

b
,
c- IR is a phase convention on 19,> ,

and a. c- IR due to H=H+
.

• It 1am > = bi 190> + ankle > + bz 1927 , where

2%111-19.>

YI
bi 9^111-190> = by



/
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. (9o19D=L%l9z)
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• It 1,9 ; > = bi 19in > + d :/ % > + bit , 19in>

with Ldj 19in > = 0 tjci -11
.

↳ This generates an orthonormal basis 1%4 - - - - 119. >

of the Cnet) - th Krylov space in n steps ,
and

with Q= ( 1% > ,
. -11%7 )

,
1- = QTHQ is

of the tri diagonal form :

do bn

( be an
bz

T = bz dzbs
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Why is 49%19*7=0 Fj< in true ?
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I >G. 111-1927 = ( <9. la . -1<9,1 by ) 1%7 = 0
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<9.192> = Can 1927=0 jL - -
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, , , g. , ,yg,
, µ . , , , , , ,, ,a,,,,g,,,,y|,

l t
g-
6%19 ,> bz =L 0

I2%19^7=2901%3--0+2I
⇒ For any bz -1-0 , we

have 2%1%3=0
!
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continue this argument by induction in i [ here i=z) . f
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→ Find the lowest eigenvalue E. of T with eigenvector
To

→ For large n e.→ Eo and QI .→ LEO >
p
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-

-
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• Lauczos pseudocode ( with D= diary = 2N)

- Initialize D- vectors p and q
,

,
and n - vectors 413 ,

i t
random 0 -vector n - 100

double temp
,
intj = 0

- Fix E> 0 as a cutoff (~ 70
") and set pto ] = 7.0;

- Fix Max it ~ 700 i

while ( Ipti ] ! >Er j< maxit - 7) {



if Lito) {
inti = Oi

for / i=o ,
- - . . ,
din - 1) { tidy up qaadp for nextstep

temp - Pti ] i

Pti ] = 9 Ii ] /ptj ]

of [ i ] =
- Pti ] . temp ;

}

g , g , µ . ,g,[%
matrix -vector malt. (see B. 1 for implementation]

}

j + + ; ←
[% scalar product of dim

- vectors ]

cxtj -1 ] = ( P
, 9) i

q = q - ati -1 ] pi

p Ej ]
= sqrt ( ( 9,9 ) ) ;

}



→ tri diagonal [symmetric ) matrix T stored in
B. [1 : j -7 ] ,

ox to : j -1 ] .

i⇐i %ñ,-i


