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Elegant solution : Decompose lattice into
iateg-rPar?⃝

two subsystems A- = { 1
,
- . . . ,[¥ ] } and 13=[1-4]-+1
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,

with Ia = { g. 21¥
] - i

I =
j=1

[N¥ ] [N¥ ] - j
and Ib

=

§=,5j -11¥ ] 2 a

→Crucialadvantaye : Ia
,
I
, are

small integer
OWE ) that we can loop over explicitly .
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↳ For na= 0
,

.
. . in (assuming n ⇐ ¥ )

, generate
all configurations Ia and order from small to big .

↳ Define multiplicity of Ia as II. =/1¥! ) ,
i.e. as the block dimension of corresponding B- block

with n
,
= n - na → Define Talia) = EXIT .
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↳ For subsystem B
, generate at a given n

,
all

configurations I , and order from smaller to

bigger .

↳ Define Tb ( Is ) for each n
,
- block as I

,
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,) -21
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,
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,
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Example N=4
,
n=2
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Key advantage : Tables Ia , , [Ian, ] can

be explicitly stored for the smaller subsystems
A
,
B

,
where Ia

,

I
,
ERM

9=5-5--55
,
rÉ=z7Ñ?
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-
-
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Concrete procedures
( it For a given I ,

determine Ia from first

HE} bits and I, from remaining
bits
,

i.e. Ia = [I/z[v¥ ]]
,
I
,
= I mod 2M¥]

.

Iii ) Compute I = Talita] + II. [ Is ]
.



• Including translation invariance

Tkicap? Basicsoftra#iiuiityT,
I
,

ID lattice) f
- Ta I = Ita .

Hamiltonian is translation invariant !

t
with period a if [It , Tai ] = 0 .

I

1
I - Multiple translations form an dfdiaa group
1 (which is finite for size N and PBC : Tan" = Ta) /
i → irreducible complex representations are one - dimensional /
1 and satisfy : Zn

. a Zm .a= Zenon ) a
→ 2-

na
= (Za )

"
→ unitary representation za= eik "

I
' lt

k c- FI
,
Ia ] for infinite system .

For finite N ;
L feik " )N= 1 implies k= ¥.in/n---oi--.1N-1 . I



- Diagonalizing Ta brings It into block - diagonal
form ,

where the blocks correspond to the eigenvalues
ei " " of Ta .

Physical interpretation : k is
total momentum

.
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↳ Since IT
,
5¥ ] = o

,

translation symmetry can

be implemented for the individual 5¥ blocks

( compatible symmetries ) .

- Find basis states that satisfy The> = eiklu> .

↳ Action of T on computational basis states :

T I 6T ,
62 , -

- .

I 6mn 16N > = 16N
, 6^1621

-
-
-

I 6N-a>
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↳ Mom

entuneigenstates#| 16,21k > = TIQ-%fe-iklt-llo.az
-

where 6-
r
is the state with the

smallest integer

Iq within the orbit generated by T, and Qqe is

the period of that orbit ,
i. e. TQ" 16,27--16,>

.
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- -

Jon ÑInooT→o'

;
| i. e. Qom = 4

.

Similarly -0101-7101-1 ,
i. e

. Quoi = 2
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-
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Proof that 10¢ , k> is momentum eigenstate
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I e=o Fet ' /
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ik "" >
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e = O
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↳ 16¢
,

k> is only admissible if k=n satisfies

|Qq;hmodN- otherwise eikQ" -1-1
.


