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Figure 1: Single-particle spectrum of (2.2) for J =1 and L = 300. In the left panel h = 2,
and the system is in a paramagnetic phase (for stronh h the spins are polarized along
the transverse magnetic field). In the right panel h = 1 and the single-particle energy
gap closes. In the spin language this corresponds to the phase transition between
paramagnetic phase (h > .J) and the ferromagnetic phase when h < J.
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Figure 2: Single-particle spectrum of (2.2) for J =1 and L = 300, with h = 0.5, when
the system is in the ferromagnetic phase (when h = 0 the system becomes a classical
Ising chain). The right panel is a zoom of the two zero-enerqy modes appearing in the
gap when h < J. The origin of these two zero-energy modes s difficult to understand
in the spin language. In the fermionic lanquage they are called Majorana modes, see
[1] if you want to read more on the topic.
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Figure 3: Left panel: Ground-state energy as a function of h € [0.5,1.5] with J = 1.
Right panel: Ground-state transverse magnetization M as a function of h € [0.5,1.5]
with J = 1. The length of the chain is fixed to L = 300.
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Figure 4: Left panel: Second derivative of the ground-state energy w.r.t. h, in the interval
h € [0.5,1.5] with J = 1. Right panel: derivative of the ground-state transverse
magnetization M w.r.t. h, in the interval h € [0.5,1.5] with J = 1. The length of
the chain 18 fived to L = 300. Notice the divercence occurring at the transition point
between the ferromagnetic (h < J) and the paramagnetic (h > J) phases.
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E.: 2nd exc. ene.

6
4
21 ——E._: 3rd exc. ene.
0 ——E . : 4th exc. ene.

: 5th exc. ene.

——E_: 6th exc. ene.

0 50 100 150
Ilteration

Figure 5: Convergence plot of the 7 lowest eigenvalues using the Lanczos algorithm,
for L =8, h = 0.5 and OBC. Already after 50 iterations the ground-state enerqy is
converged to numerical accuracy. For longer iteration times (after roughly 60) one
can notice that higher lying eigenvalues start decaying to the ground-state enerqy,
which signals the overconvergence of the Lanczos algorithm.
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Figure 6: Convergence plot of the Lanczos method (blue curve) compared with imaginary
time evolution to 2™ order accuracy (orange curve) and to 15t order (yellow curve).
On the y axis the difference between the energy at the given iteration and the exact
value of the ground-state enerqy obtained from the JW transformation is shown, for
L =8, h=0.5 and OBC. For the Lanczos algorithm, already after 50 iterations the
ground-state enerqy is converged to numerical accuracy. For the orange curve, the
time step AT = 0.25, whereas for the yellow curve AT = 0.025, and for both, the total
imaginary time duration is 1250 .J 71,
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Figure 7: Plot of ‘%@‘ as a function of h € [0.5,1.5] and A € [—0.3,0.3] with J = 1.
The length of the chain is fixred to L = 18, and PBC are used. Even for this length one

3
can still see the diverging behavior of 87}52@ occurring at the phase transition. The

red line marks the location of the maxima of ‘%@‘, and corresponds to the phase

transition between the ferromagnetic (topological, in the fermionic language [5]) and
the paramagnetic (trivial) phase. This phase transition line is approxrimate as one
should perform a finite-size scaling of the location of the maxrima to get more accurate
results, but one can still qualitatively see that the interaction term (4.1) shifts the
location of the phase transition. This qualitatively reproduces (a small portion of) the
phase diagram shown in [5].
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Figure 8: Plot of |ZE$8| as a function of h € [0.5,1.5] and A € [—0.3,0.3] with J = 1.

The length of the chain is fixed to L = 18, and a comparison between PBC' (blue dots,
and red line marking the mazxima) and OBC (orange dots, and green line marking the
maxima) is shown. The results for PBC are more accurate as finite size effects are

less prominent. One could see that by plotting ‘827}‘22@ along the line A = 0: for PBC

the maximum 1s closer to h = 1.
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